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Abstract 

An effective field theory of BCS quark pairs is derived from an ordinary QCD-type path integral with SUc(A'^c = 3) 
non-AbeUan gauge fields. We consider the BCS quark pairs as constituents of nuclei and as the remaining degrees 
of freedom in a coset decomposition SO(A*'o,A^o) /U(Ai'o) ® U(A^o) of a corresponding total self-energy matrix taking 
values as generator within the so(A'o, A^o) Lie algebra. The underlying dimension (Ao — A/ ■ 4^ ■ Ac) is determined by 
the product of isospin- W/ = 2' (flavour- Wy — 3') degrees of freedom, by the 4x4 Dirac gamma matrices with factor 
'4-y' and the colour degrees of freedom 'Nc — 3'; therefore, the smallest, total self-energy generator has Lie algebra 
so(Ao, Ao) with A^o = 24. We distinguish between a total unitary sub-symmetry U(A^o) for purely density related parts 
of the quarks, which are taken into account as background fields and as invariant vacuum states in a SSB, and between 
the BCS terms of quarks as coset elements so{No,No) /u(Ao). The self-energies are obtained by dyadic products of 
anomalous doubled Fermi fields and subsequent HST's where we only use the reproducing property of Gaussian factors 
in Fourier transformations. These HST's are sufficient to achieve a path integral entirely determined by self-energy 
matrices for the coset decomposition. Finally, we can compare the derived effective actions of BCS quark pairs with 
the effective Skyrme Lagrangian, which is classified by the homotopy group n3(SU(2) ) ~ Z for topological solitons as 
the baryons, and attain the astonishing result that our derived effective actions of BCS quark pairs are more closely 
related to the Skyrme-Faddeev field theory with the nontrivial Hopf mapping H3(5'^) = Z. 
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1 Introduction 

1.1 Symmetries and dimensions of self-energies for BCS quark pairs and densities 

The strong interaction of hadrons in nuclei is described by very different concepts wliicli range from semi-empirical mass 
formulas nuclear shell models [5, effective Lagrangians of mesons and baryons ^ to QCD- or even string-theory 

[71 [5] . One common part of these models and theories concerns the strong spin-pairing force of nucleons so that one has 
already to include spin pairing corrections in the original Bcthe-Wcizacker mass formula. This extraordinary pairing force 
of protons and neutrons has even provided own models or theories as the 'interacting boson approximation' or the notion 
of 'nuclear superfluidity' of spin paired fermionic hadrons O [TOj . 

In this paper we consider BCS quark pairs as constituents of nuclei and as the remaining degrees of freedom in a coset 
decomposition of an ordinary (but subsequently transformed) QCD path integral with axial gauge fixing. We follow the 
given coset decomposition Osp(S', S\2L) / \]{L\S) ® \]{L\S) of the ortho-symplectic super-group Osp(S', S\2L) for bosonic 
and fermionic atoms in a trap potential according to Refs. [Ill 112] and 'strictly' derive a transformed path integral 
with a total self-energy matrix taking (even)-values in the so{No,Nq) Lie algebra. The dimension A'o, (respectively the 
anomalous doubled case with BCS quark pairs and overall dimension (A^o : ^o) = 2 A^o)i is determined by the product of 
Nf — 2 isospin- (or Nf = 3 flavour-) degrees of freedom, the Aa/ x 4^ Dirac gamma matrices in 3-1-1 dimensional spacetime 
and the SUc(iVc = 3) gauge field degrees of freedom of QCD. This yields in total a unitary sub-symmetry U(iVo) for 
purely density related parts of the quarks with Nq = Nj x Ax^ x Nc- The self-energy sub- matrix for a single block density 
section of quarks therefore has the dimension A^o = {Nf = 2) x 4^ x {Nc=3 = 3) = 24 or with strangeness {Nf = 3), 
A^o = {Nf = 3) X 4^ X {Nc=3 = 3) = 36. The anomalous doubling of the fermionic quark fields then leads to the total 
SO(iVo,A'o) symmetry for the self-energy which comprises in the block diagonals the density related U(A^o) symmetry 
and in the off-diagonals blocks the anti-symmetric sub-matrices for BCS quark pairs; the latter complex, even-valued 
BCS parameter fields originate from the coset decomposition SO(A^o,^o) /U(iVo) (8) U(Ao). In advance we symbolically 
indicate the density (or subgroup part) and BCS terms of the anomalous doubling of fermionic quark fields in relation 
(jl.ip : this equation also denotes the scheme of a spontaneous symmetry breaking (SSB) with the coset decomposition 
SO(iVo, No) I U(iVo) ® U(A^o) and the invariant vacuum or ground states of the density related unitary symmetry U(iVo) 

)ah 
- \ ■ ) 

/ ( u(iVo) density '11' \ ( i x (anti-symmetric BCS pairs) '12' \ \ 

\ (-^0 )^ real parameters ) \ N^- {Nq — 1)/2 complex parameters J 

f I X (anti-symmetric BCS pairs)'^ '21' / u^(A^o) transposed density '22' of '11' block 

y \^ A^'o • (A'o — l)/2 complex parameters J \^ same {Nq)^ real parameters of '11' part J J 

This total self-energy of so(A'o7-^o) with BCS pairing in the off-diagonal blocks '12' and '21' is achieved by various 
Hubbard Stratonovich transformations (HST) from the original, ordinary QCD path integral with axial gauge fixing. We 
double the original, odd-valued Fermi- or quark fields 

^\i{^p) ^M{xp) '^{i'liixp) ■ipM{xp) ~ i^liixp) i'lAxp)^ , (1.2) 

and introduce dyadic products of these which then specify the even- valued, hermitian self-energies. Although the various 
HST's to self-energies involve intricate manipulations (section [3]) , we need only to apply the reproducing property of 
Gaussian integrals in a Fourier transformation; the Gaussian factor of quartic Fermi fields (or of quadratic multiples of 
their dyadic products in a trace relation) is equivalent to the Gaussian integral of the self-energy matrix with linear coupling 
to bilinear Fermi fields or to their corresponding dyadic product in a trace relation. This kind of HST with Gaussian 
factors and integrals is also applicable for the eight gauge fields Aa-f^{xp) of SUc(A^c = 3), {a = 1, . . . , 8 , ^ = 0, 1, 2, 3) 
[^. Although there occur three- and four-point vertices of these gauge fields, we only need the reproducing property of 



^The semicolon of Aa;fj,{xp) in this paper just separates the internal indices a, /3, 7 = 1,. ..,8 from the Lorentz-indiccs n, X, fi, u = 0, . . . ,3 
of 3+1 dimensional spacetime, but does not denote something like a covariant derivative. 
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Gaussian integrals in a Fourier transformation in order to attain an anti-symmetric self-energy matrix for the quadratic 
gauge field strength tensor F^^'^(xp). The Gaussian factor of this field strength tensor of gauge fields is transformed by 
a Gaussian integral of the corresponding anti-symmetric self-energy matrix with remaining linear coupling. Since the 
gauge field strength tensor F^''{xp) has only quadratic terms of the original eight gauge fields Aa-fj,{xp) {a = 1, ... ,8), 
we can integrate over the remaining quadratic gauge fields in the linear coupling between the gauge field strength tensor 
and corresponding self-energy. This unfinished, quadratic integral of Aa-p{xp) is modified by the the 'minimal' coupling 
principle of a single gauge field to bilinear quark fields; nevertheless, the remaining Gaussian integral of gauge fields can 
be performed and results into the well-known self-interaction of the self-energy matrix for the gauge field strength tensor. 
Similar HST's are applied for the quartic interactions of odd-valued quark fields which are finally kept only in a bilinear, 
anomalous doubled kind {tp* , tp) [H , —H^) {ip ; "0*)"^ foi' the doubled one-particle operator —H'^); thus they can be 
removed by odd- valued, anomalous doubled Gaussian integration properties of Fermi fields. 

However, the resulting Fermi determinant contains the total self-energy matrix so{Nq, Nq) and the 'colour' dressed 
quark density parts, combined to a composed gauge field Va-ii{xp) in place of the original gauge field Aa^^^^Xp), so that 
further simplification is not directly obvious. According to Derrick's theorem 13J, an effective Lagrangian should have up 
to order of 'four' derivative terms in order to allow for stable, static energy configurations in 3-1-1 spacetime dimensions; 
the second and fourth order gradient parts prevent a scaling of the particular configuration to arbitrary small or large 
sizes in the three dimensional coordinate space integrations over the static Hamiltonian density. The intensive, but 
straightforward HST's in section [3l substitute the original QCD path integral (|2. 25112. 27|) 



d[il)\j{xp) , jpM{xp)] d[Aa-f_,(xp)] Sin'^ Aa-p^{xp))^ x 



„A; = (o,f!) 

n-n—1 



X exp 



A[^,Dpi^,F] 



d -^pS . Ff^-piji^Xp^ F^ (*^p) ~^ 

C 14 

i^Nixp) $(j''dp^p -lip-iY Aa-ti{xp) ia + rnj ^ ^^ipAiixp) \- ; 



ip = Prjp s+ 
by the path integral relations (|3. 110113. 116p 
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(1.4) 

(1.5) 

(1.6) 

(1.7) 
(1.8) 



(F)] - 
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p{xp); e(^>, s„, *B^, b^^\Up,i,p; ao; Eq. (|339)) 



(1.9) 



d[f-\xp) dfixp)] Zj^jf] exp[ADET[f,r,2]} exp{*yi,,^,[f,y;3]} 



Despite intricate appearance of the transformed path integral (|1.9l3.116p . we can attain through subsequent HST's and 
a coset decomposition SO{No, Nq) /\J{No) (g) U(A^o) a clear separation into BCS terms with coset matrices T{xp) = 
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exp{-f(a;p) } (last line of (|1.9l3.116p ) 



pab 
-M:N 



b 

M-N 



X 



Xm:n{Xp) 



(1.10) 

(1.11) 



and a quark density part with various transformed gauge field parts (first line of (jl.9l3.116p in boldface symbols with 
path integral (|3.59p ). The original gauge field Aa-^{xp) in (|1. 3m. 512. 25112. 27p is exchanged in (|1.9l3.116p by the gauge field 
Vq;^(xp) (j3.60p which is composed of colour dressed quark densities and various gauge field combinations with auxiliary 
fields for axial gauge fixing. This replacement Va:p{xp) (|3.60p of the original gauge field ^a;^(xp) is contained in both 
parts of the final transformed path integral p.9|3.116J) . the density and gauge field related, first part (I3.59P and the coset 
part with T{xp) and anti-symmetric BCS generator X{xp), X^{xp). The path integral (jl.9l3.116p . which is equivalent to 
the original one (|1. 3m. 512. 25112. 27|) . allows for the separate approximation of the density part p.59p which yields a mean 
field solution (y'(a^p)) jX59l for the composed gauge field variable Va:^ji.{xp); this classical field solution (jf{xp))^^ of (|3.59p 
has to be inserted into the second path integral part of (|1.9l3.116p with coset matrix T{xp) (|1. 1011. lip . 

The remaining Fermi determinant comprises the coset matrices T{xp) (|1.10|l.lip and the mean field (y(xp)) j 3 59 ) 
in the thus approximated, one-particle Hamiltonian operator (3i(a;p)) jj^gj (|1.12m.f?| : however, this Fermi determinant 
lacks from a simple, obvious reduction to an action with finite order gradient terms in an effective Lagrangian. Usually, 
one considers the exponential trace-logarithm form of the determinant where the gradients (and matrix potentials) of the 
one-particle, mean field operator (IK(a:p))j339j are weighted by the coset matrices (3^) fe.sg t T relative to the eigenvalue 

rectrum of (ji) |[339i which is hence subtracted for a 'relative' gradient operator A{Or{)^^ 



(^N:M{yg,Xp)),—, = S^^\yg - Xp) r^g S. 

\ / 113.591 



{HN-AliXp)) 



(-^^;M(^p))| |339t / 

S^^Hvg - Xp) rjg 6,p 'Bt^S dp,p + ^ S f'' T„ {V^,^{xp))^ +%M^iepi 



{H{xp)) 



(H^i-P))^ 



p{pp+^{n-p))^ 



lEn + m 



(ip ^ p Ep = firipe+ ; e+ > 0) ; 
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(1.12) 



(1.13) 



(1.14) 



{j3 m)^ - I £p ijVoxJVo 



TR tr 
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TR tr 
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(ft), 
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= TR tr 



'^<^)| |339l 



In 1 



In ((ft) EM 



(1.15) 
(1.16) 

(1.17) 



Nonetheless, one has to take into account the additional propagation with the inverse of the anomalous doubled one- 
particle operator (ft)j34gi so that the logarithm TR tr[ln(i + A(ft)j33gj ^'^^ ^^'^ gradient expansion is in fact 



•^In the following the abbreviated trace symbols 'TR', 'tr' denote the summations over the 'Keldysh' 3-1-1 spacetime contour with inclusion 
of the anomalous doubled space and over the internal spaces of isospin (flavour), Dirac gamma matrices and colour degrees of freedom. These 
spaces are specified in detail in appendix |A] (IA.25t and in section [2] 1 12. 1212. 141 1 . 
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equivalent to the relation TR tx[ln{f-'^ (^C)i|331 f (^C) J™)] 



TR tr 



In i + A(M)g39j (^{) 



-1 

ll339l 



= TR tr 
= TR tr 



In (i + (f-i (^C)j^ f - (^C)gM}) 



(1.18) 



The combined occurrence of (IH)j33gj and of its inverse (!K) j^^ , weighted by the coset matrices T ^, T, is suggestive of 
a gradient expansion with large orders for slowly varying coset matrices or BCS terms in the logarithm. 

We emphasize this point by a gauge transformation of the coset decomposition so that the mean field operator (!K) i 3,5g \ 
with (y'(xp)) t339i simphfies to a pure gradient operator {K<m) f3j9[ = ( (-ff(m)i l339l , {H'^) f3jgi ) with spatially dependent 
gamma matrices (section 14. 3p 

' . (1.19) 

3391 ^ ' 



Furthermore, the logarithm in (|1.18[) takes the equivalent gauge transform 



TR tt 



In 1 + A{3<^ 



TR tr 



In (l + (r ^ (J^(m) t339l T- (J-C^) t339l ) (J{(n 



(1.20) 



TR tr 



In f-i 



T 



If one assumes slowly varying finite order gradients of (!K^) jxsol T, one will also obtain unintented, extraordinary 
large spatial and time- like variations with T~^ i^w'^ f^Edl according to the additional trace operation on the logarithm. 
In order to circumvent this problem, we suggest the particular integral representation (|1. 21111. 24| for the logarithm of an 
operator D (and similarly for the inverse) in order to approximate the total logarithm with the (coset matrix weighted) 
combination of {{^<m) f3j9l ) and its inverse (J{) ((■^2rr)E3Sl) simpler actions in an exponential [14j 
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If we suppose positive eigenvalues at order unity or far beyond for the total operator D = T (J^^) 1 3.59 1 T (!K) j^^g ^ 
inverse factorials 1/n! of exp{— uT^^ (3^) i3.59l T (^C)g39j } cause a rapid, meaningful expansion and convergence instead 
of a pure logarithm ln( T^^ (3^) i 3.59 l T (^C)g3gj ) with reciprocal integer numbers in the expansion. Therefore, we rely on 

the integral representation (|1. 21111. 2^ of the logarithm and of the inverse of an operator O and apply these relations for 
reducing the path integral part to effective actions with coset matrices T{xp) and anti-symmetric coset generator X{xp), 
X^Xp) for BCS quark pairs. We can even choose the eigenbasis of the mean field approximated, one-particle operator 
(ff)] 3 59 j or of its anomalous doubled version (Jf) j 3 59 1 instead of the 3+1 dimensional coordinate representation. This 
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particular matrix representation for T in terms of the eigenbasis of ] 3 59 ) allows to calculate observables as correlation 
functions of anomalous quark field combinations (ipAiixp) '0Af(a^p)), density terms (ip'^jlxp) ipNixp)) and normalized 
eigenvalue correlations of BCS terms originating from non-Abelian gauge theories as QCD. 

Using the above mentioned gauge invariance of coset matrices and generators in the coset decomposition, a kind of 
'm<eractzon' representation allows to transform the mean field operator (IK)(|33gj to the already mentioned, pure gradient 

terms {^<fn) i 3.59 l with spatially varying gamma matrices (jl.l9p . One can take this particular 'interaction' representation 
in order to extract a Hopf invariant with one-form i2}i{xp) 

Nj = — - — / w„_i A (da>„_i) ; (a)„-i = n-1 form with n==2,4,8!) ; (Vs2^-i = volume of 5*^"^-^ sphere) , (1.25) 

from the axial current conservation as a nontrivial topology for the Hopf mapping 113(5'^) — Z [f51ll6j . The zero component 
of the axial current (with chiral anomaly) contains such a Hopf invariant where one has to consider the mapping from 
the 3D spatial coordinate space to the internal sphere with quaternion- valued, anti-symmetric Pauli matrix (^2)3/ as 
eigenvalues with corresponding complex, even- valued isospin field fr{xp) for BCS quark pairs (Compare for a derivation 
of the chiral anomaly from the ordinary QCD path integral with appendix [Cl and with Refs. [331 133 )• Thus our strictly 
derived BCS path integral is more closely related to a Skyrme-Faddeev string model 8 with Hopf mapping H3(5^) = Z 
than to a topological Skyrme Lagrangian with baryons as winding numbers following from H3(SU(2) ) = H3(5'^) = Z 
pn [TSl [TO] . Although finite order gradient expansions have to be taken at least up to fourth order for stable energy 
configurations and are questionable concerning the validity of low-momentum approximations, we describe in appendix ID] 
various principles which have necessarily to be regarded for an appropriate expansion in the anomalous doubled Hilbert 
space of quantum many particle physics. The remaining coset matrices for the BCS degrees of freedom propagate with 
anomalous doubled Green functions, containing density related background fields, and are applied to compose an effective 
(Skyrme-like-)Lagrangian; this 'analogous' Skyrme- like Lagrangian follows from the gradient expansion of the self-energy 
operator within the fermi-determinant and within its inverse of bilinear source fields, but qualitatively differs by the derived 
Hopf invariant H3(5^) — Z from the original Skyrme Lagrangian with homotopy mapping H3(SU(2) ) = H3(S'^) = Z. 



1.2 Symmetry breaking source fields for mesons and baryons 

In order to generate observables from the various, different kinds of path integrals, we introduce the even-valued, in 
general nonlocal source matrix 3^.jv,/(yg, Xp) with two spacetime arguments yq, Xp on the Keldysh time contour and with 
anomalous indexing a,b = 1,2 and internal space indices M, N to be specified in relations (|2.7II2.14|) . This general source 
field tracks the original observables in terms of quark fields in the ordinary path integral (j2. 23112. 27|) through multiple 
transformations (as HST's) to path integrals with self-energies as the remaining field degrees of freedom. As one considers 
an observable {^\^{yq) ^'^j (xj,)) of bihnear quark fields by differentiating the original, ordinary QCD path integral with 
respect to this source 3^.71/(2/5, a^p), one can also generate this same observable for quark fields later after several HST's 
and a coset decomposition just by taking the same differentiation of the final transformed generating function. 

Besides we incorporate a symmetry breaking, odd- valued source field j^-M{xp) (or its anomalous doubled version 

J!^^M^'^\xp)) which causes non-vanishing observables of quark fields in odd number as {i^Mixp) 'ipNixp) tpN'ixp)) or 
(tpMixp)), etc.. These source fields iip-^M{xp) are important for the fermionic degrees in the nuclei and may lead to 
an analogous coherent, but fermionic wavefunction as in a BE-condensation for a macroscopic, coherent wavefunction. 
Furthermore, one has to include a symmetry breaking source matrix j^^;jV;M(a;p), jJ,^.7v-a/(^p) combined anomalous 

doubled version J^^- j\[ ■ ^ {"^p)) creating an initial configuration of BCS quark pairs for the strong spin pairing force. 
However, we do not regard a detailed phase transition from incoherent initial conditions to a coherent configuartion of 
BCS quark pairs; this would involve a phase transition with a detailed, experimental dependence on temperature, density, 
etc.. Therefore, we just set an initial, coherent configuration of BCS terms in the coset matrix T{xp) and generators 
X{xp) , ^^(xp) at intermediate times with wave-packets of appropriate space- and momentum-dependence, neglecting a 
detailed phase transition from 'incoherence' to 'coherence' at earlier times tp —00. 
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2 THE PATH INTEGRAL WITH SYMMETRY BREAKING SOURCE FIELDS 



2 The path integral with symmetry breaking source fields 



2.1 Definitions 



The derivation for the effective BCS terms begins with the standard QCD-type Lagrangian (|2.m2.6p of anti-commuting 
quark field spinors tp{x), il'^{x) and with the non-Abelian SUdN^ = 3) gauge fields Aa-fj^{x) and the corresponding 
field strength tensor Fa-^fj_,^{x). We take the notations defined in [5D1 [H] ("The Quantum Theory of Fields" Vol. 1- 
2, S. Weinberg) and label the eight SUc(-/Vc — 3) gauge field degrees of freedom Aa;f_i{x) by the first Greek letters 
a, P, "f, . . . = 1, ... ,8 which are separated from the 3+1 spacetime or Lorentz-indices of the middle of the Greek alphabet 
{k, X, ^, ly — 0, 1, 2, 3) by a semicolon (spacetime metric tensor r)^" with 77°" — —1 and r)*-' — +(5*-' , i, j, k, . . . = 1, 2, 3). 
The covariant derivative (j2.3p is defined in anti-hermitian kind with spacetime derivative and additional imaginary 
factor 'i' which is attached to the eight hermitian SlJc{Nc = 3) 'colour' generators ta in the fundamental representation 
with totally anti-symmetric structure constants Cap-f We assume that all physical quantities are scaled to corresponding 
dimensionless objects and list the entire Lagrangian £(-0, D^i), F) (|2.ip with gauge field strength tensor Fa-^p{x) (|2.4l2.5p 
and coupled fermionic-matter Lagrangian £;m(V': D^-tp) (|2.2p according to Ref. [101 HI] ("The Quantum Theory of Fields" 
Vol. 2, S. Weinberg), (to/ = diag{TO„, ma, (m^)}) 



f=u,d,(s) f=u,d,{s) 

= - ^ i'fix) j'' df, - I Aa-f,{x) ia + rhf tpfix) ; 

f=u,d,{s) 

b^^{x) = df,^{x) ~ I L Aa,f,{x) ij{x) ; p{x) ^ f Df,{x) ; ^ = 7^ 9^ ; 



F, 



{x) = df_,Aa-v{x) - duAa-^,{x) + Cap-f Ap-f^{x) A^-u{x) ; 

^(x) = If.^{x) ia = 7^ Aa-^ix) . 



(2.1) 
(2.2) 



(2.3) 
(2.4) 

(2.5) 
(2.6) 



In the following we distinguish between three internal spaces whose independent degrees of freedom are marked by 
the indices listed in Eqs. (|2.7ll2.9p . The first part of these three independent internal spaces is determined to be the 
SU/(7V/ = 2) isospin (or the extended SU/(A^/ = 3) flavour) space which is labelled by the Latin letters f,g,... with 
further sub-indexing /i, gi, ... and primes /', g', ... for 'up', 'down', ('strange') quarks. The general quark matter 
Lagrangian is assumed with non-degenerate isospin (or flavour) masses to/, to/',..., rUg, rrigt,... which are diagonal 
in the Dirac-gamma matrices and SUc(A'c = 3) colour space. We also apply the Clifford-algebra for four-dimensional 
spacetime with 4x4 Dirac matrices 7^„ of Ref. [20j and define the indices to, n, to', n', toi, rii, ... with further sub- 
indexing and primes for particular matrix elements of these 4 x 4 gamma matrices as 7^„ and (75)™^ — — «(7*'7^7^7^)mn- 
Apart from the Greek indices a, /3, 7 for labelling the eight SUc(iVc = 3) generators ta, the indices r, s (with further 
sub-indexing) are ascribed to the 3x3 fundamental matrix representation ta-rs of S\J c{Nc — 3) colour degrees of freedom 



isospin (or flavour) index 
SU/(2) isospin (SU/(3) flavour) mass-matrices 
indices for gamma matrices 74x4 = 7mn 
indices of SUc{Nc = 3) colour matrices ta-rs 



f, f, fi,---, 9, 9', 51, • • • = u(p), d(own), (s(trange)); (2.7) 

m/, TO/', TO/j, . . . , TOg, TOg', TOg^, . . . ; 

m, m', nil, ■ • ■ , n, n' , ni, . . . = 1, . . . , 4 ; 
a, (3, 7, a', /3', 7', ai, 71, . . . = 1, . . . , 8 ; 
r, s, r', s', ri, si, . . . = 1, 2, 3 . 



(2.8) 
(2.9) 



In consequence we attribute the three internal spaces to the Grassmann-valued quark spinors (|2.10p by using the labels 
{/, TO, r}, {g, n, s}, . . . for the isospin- (flavour-) matrices , gamma-matrices and colour-matrix degrees of freedom 



0(x) := -(/'/,™,r(a;) ; V's,n,s(a;) := ^/-I „/ ^(a:) /3«'n ; /3 = « 7° 



(2.10) 



2.2 The path integral with fermionic matter- and non-Abelian gauge fields 
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In order to simplify notations, we combine the isospin- (flavour-) indices f,g,.. ., gamma-matrix indices m, n, ... and 
colour-matrix indices r, s, . . . to the collective uppercase indices M = {f,m,r}, N = {g,n, s}, . . . with further possible 
sub-indexing. Since we particularly specify on chiral symmetry transformations, the isospin (flavour) index / or g is par- 
tially separated from the remaining gamma- and colour-matrix indices which are combined and abbreviated by a bar over 
the corresponding uppercase letters as M, N, . . . , Mi, Ni, . . .. Therefore, the entire, collective indices M, N, M' , N', . . . 
can also be indicated by the combination of the isospin (flavour) index f,g, ... and remaining collective index M, N, . . . 
for gamma- and colour-matrices 



M 




M' 




Ml 


= {/i,"ii,ri} 


N 


= {.9,",s} 


N' 


= {g'y^s'} 


Ni 


= {5i,«i,si} 


IT 


= {r7i,r} 


m' 


= {m',r'} 


Ml 


= {mi,ri} 


N 


= {n, s} 


n' 


= {n',s'} 


Ni 


= {ni,si} 


M 


= {LM} 


M' 


= {/',Af'} 


Ml 


= {fuMi} 


N 


= {g.N} 


N' 


- {g'^N'} 


Ni 


= {gi,Ni} 



(2.11) 



The final effective BCS related Lagrangian is extracted by performing traces over various combinations of these three 
internal spaces. For that reason we have to distinguish between the various traces listed in Eq. (|2.12p . We denote the 
symbols ttjv^, , ttjv^ for taking trace operations over isospin (flavour) matrices, gamma- matrices and S\Jc{Nc = 3) 

colour matrices according to the above list of indices and labels in Eqs. (|2.7ll2.1l|l 



tr 




■ tr 





















(2.12) 



In the remainder combinations of the traces (|2.12p for these separate internal spaces follow straightforwardly and will be 
abbreviated as in Eq. (|2.13p . as we proceed to the flnal form of the effective actions for BCS quark pair condensates 



tr 




; tr 




; tr 

















tr 



(2.13) 



Apart from the above traces (|2.12l2.13p . we point out the overall trace Tr^ ^ (|2.14p of all internal spaces, which 

includes an additional summation with a, 5, c, . . . = 1, 2 over the anomalous doubled space for BCS pair condensates. 
In comparison to this overall trace (|2.14p . the above listed traces (|2.12l2.13p only encompass density terms without any 
possible summations over anomalous pairings of quark fields 



a(=l,2) 



(2.14) 



2.2 The path integral with fermionic matter- and non-Abehan gauge fields 

According to the entire Lagrangian £^(■0, D^ijj, F) (|2.ip . we construct the analogous path integral with fermionic quark 
matter and non-Abelian gauge fields. However, we introduce the time contour integral (|2.15p with time variable Xp^j. on 
the two branches p = ± for time development with L, Lm (|2.1l2.2p in forward dx^ . . . and backward dx^ . . . 
direction [TTl [T^l [551 [53] • The negative sign of the backward propagation dx^_ . . . ~ — dx^_ . . . will be frequently 
taken into account by the symbol f7p=± = p = ± (|2.16p as a contour time metric 




*This contour time metric Tjp = p = ± should not be confused with the spacetime metric tensor 77'"' {rp^ = — 1, rj^^ = (5'^ ) for contravariant 
and covariant components of vectors and tensors. The indices p, q, p' , q' , . . . are reserved for the contour time metric rjp, riq, rjpi , 7]^/, ... of 
the two branches for forward and backward propagation; on the contrary the indices k, A, p, v from the middle of the Greek alphabet are 
Lorentz-indices of four-dimensional spacetime, as e. g. for the metric tensor 77^", 1] , 
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2 THE PATH INTEGRAL WITH SYMMETRY BREAKING SOURCE FIELDS 



L3 



+00 



d'xi J2 dxlijp ...); (2.15) 



vp = {^;^} ■ (2-16) 

An additional contour time label p, g, . . . of the four-dimensional vector = (x^jx) — > = (Xp,x) refers to the two 
different propagations of zero components Xj_ of these contour-time extended four-vectors Xp 



= i^p J 2?) ; ^+ — (^+ J 2?) ; xt — (^x°_ , x) 

A - ( ■ F) - { 9 _d \ . n - ( 9 



(2.17) 



We consider four different source fields on the non-equilibrium time contour where two of these are applied for a sponta- 
neous symmetry breaking of the fermionic matter fields. The general, anomalous doubled, complex, even-valued source 
term d^^n s-f m AVq^^p) allows to generate observables of bilinear, quartic or higher order, even-numbered quark fields 

including BCS terms as {'4'g,n,s{yq) 4'f.m,r{xp)). However, we discern between the source d^j^-MiUq^^p) fo^' generating 
even-numbered quark field observables by differentiating a path integral and the symmetry breaking, even-valued, com- 
plex field j'^yN-Mi^p) which couples to i'l^n,si^p) "0/ m ri^p) ^'^^ ^g,n,s{xp) ipf,m,rixp). In Order to create non-vanishing 
quark fields in odd number, a fermionic, Grassmann-valued source J^-fmri^p) incorporated which couples to single 
quark fields '4'f,m,r{xp), ''P^ m ri^p) that is also extended with its complex value to an anomalous doubled form. 

Furthermore, we allow for an anti-symmetric, even- valued, real field j^^^'^ (xp) which generates the non-Abelian gauge 
field strength tensor F^'^{xp). Since the gauge fields are changed to background fields in later steps of the derivation to 
the final effective Lagrangian, we do not take into account a symmetry breaking of the gauge field strength tensor or an 

anomalous doubling as for the quark fields and simply set the source fj""^" {xp) for the field strength to zero at the end 
of the calculation 

Source fields : 

3g"n,s;/,m,r(y?' ^p) ^ Ceven; J'!jj-J,m,ri^p) ^ ^odd ] (2.18) 

•^tlni!-g,n,s;f,m,r(^p) ^ Ceven ! ja;pu{Xp) G Reven 

The precise form of the entire symmetry breaking action yi5[3, J^, J^^,]*-^-*] is given in Eq. (I2.22p for all these four source 
fields in (I2.18p . In advance we mention that this source action J^, Ji/jj/j, j*-^-*] is specified in its anomalous doubled 

kind with metric S (j2.21l) for the anomalous doubled Fermi fields. A two-component, anomalous doubled, fermionic field 
(. . .)''(=i^2) follows from the extension with its complex-valued copy 



(field) anomalous doubled ( ■•■ ) ( !'^'^^'^}^a=2 



. (^°^^*^ / (2 19) 

(field^) anomalous doubled ^ ( ... j := ((field*)" ; (field)" 

Since fermionic quark matter fields are only considered for the anomalous doubling, one has to introduce a diagonal 
negative sign —In-.m in the '22' block of the metric tensor S for anomalous doubling. We have to apply for this 
metric tensor S the Weyl unitary trick where the metric tensor S is factorized into I ■ I — S with the new metric 
I = Sba {+iN:M y « ^n-.m}- The iuvcrsc I~^ of / is given by the product = S I which is frequently used in 
transformations involving the Weyl unitary trick for the coset decomposition 

V'mV'M = ^(i'l, ^N-M IpM - i^ll ^M-N iI^*n'^ (2.20) 

ba / . 

I^N-.M \ I WA[ 



2.2 The path integral with fermionic matter- and non-Abelian gauge fields 
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gba ^ 



+iN-M ; — IW; 

a— 1 a— 2 



I-I = S 



2 a— 1 a— 2 



(2.21) 
(2.22) 



As already mentioned, the source d^^n s-f m riVq^^p) differs from the other two source fields J^°'n.m(^p): J^-Aii^p) 
the quark fields. The latter are assigned to symmetry breaking processes and therefore are set to equivalent, non- 
vanishing values on the two branches of the time contour at the final end of calculations (|2.24p ; in consequence an entire 
hermitian action results into a normalized path integral or generating function, d However, this normalization to unity 
requires a vanishing source term 3^.jvf (2/<?' ^p) which tests the response to bilinear quark terms (also of the anomalous 
case) propagating with Lagarangian , D ^if) , F) p.l|2.2p and hermitian, symmetry breaking sources >/^^°/v.m(-^+) ~ 
J^^"^.^(a:_), J^.m{^+) — J^-Aii^-)- This response to d^^-MiVq^^p) can be extended to higher order functional 
Taylor-expansion of the path integral J^, J^^, so that one obtains the response for higher order correlation 
functions of quark fields in even number (also with inclusion of BCS related terms) 



z[2 = , JAx+) = J-ipi^A I Jii)A^+) = Jf^ix-) , j*-'^^ = 0] + 

s 



(2.23) 



d'^Xp dSjq S^N-AiiVqi ^p) 



conditions 



2! 



X^biai / (1) rrib2Q2 / (2) (2) x 

= , JA^+) = J^x^) , J^^{x+) = J^^{x^) , ]^^'> = o| 



conditions = 



Qditions 



1 

3! 



(2.24) 



According to Ref. [201 [H], we perform the path integral quantization for the Lagrangian Df^tp, F) (|2.1l2.2p with 

source action As[d: Jip, ^vV'^i'^^''] l|2.22p on the time contour in axial gauge which does not contain the Gribov ambiguity. 
This is accomplished by introducing a space-like, four-component, unit vector = (0, n) {n^nf^ = 1) into a delta-function 
with the gauge field Aa-^{xp) 



Z[3, JipAipi',}'"^^] — 



d[lp\,j{Xp) , -ipuiXp)] d[Aa;f,{Xp)] <^ Y\_ <5(n^ v4a;M(a^p)) f X 

{xp,a} 



n-n—1 



(2.25) 



X exp 



A[^, D^ij, F] 



d Xr 



iA[ij,Df,ij,F]-iAs[d,Ji,J4,4,J^^] 
1 



(2.26) 



^In this article we neglect additional effects of symmetry breaking with the gauge field strength tensor and therefore also set the corresponding 

source )a;liii{xp) to zero at the final end of transformations. This normalization also allows the treatment of disordered systems with ensemble- 
averages over random potentials and interactions | 22l 1231 . 
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3 HST OF FERMI- AND NON-ABELIAN GAUGE FIELDS TO SELF-ENERGIES 



ip = I3r,pe+; e+ > . (2.27) 

The action Alip, Df^ijj, F] of quark matter and gauge fields has to comprise a non-hermitian ip matrix term (|2.27p which 
characterizes a particular time direction in the propagation and which results into proper time ordering of quark fields 
and appropriate analytic convergence properties of derived Green functions. 

Finally, we end this section of definitions by listing the anomalous doubling of quark fields '^'^j(xp) with corresponding 
anti-commuting source J^.m{^p) (|2.28l2.29p . The symmetry breaking, anomalous doubled source matrix J^^jq-Mi^p) 

(|2.31|) consists of two anti-symmetric, complex, even-valued sub-matrices j-^^tii-M-Nixp), j\,^.M-Mi^p) P-30P in the off- 
diagonal '12' and '21' blocks where the anti-symmetric property regards the BCS related pair condensates of fermionic 
quark fields. Since the gauge field strength tensor F^^ixp) is completely anti-symmetric in its spacetime indices '/i, t^', 

we have also to require this anti-symmetry for the corresponding, generating, real source matrix ii^^vixp) (|2.32p 

*/,m^r^^ (2^p) = "^t'^^^Hxp) | fam.r(a:p) ; tp*f,mAXp) } =[M^;^Pm(^] i (2-28) 

a— 1 a— 2 a— 1 a— 2 

'^J^,f,m,ri^p) — --^xp-M ' \^p) — \^ H-J,m^r{Xp)^ \ i'^-f,m,r{Xp) | — | JV';A/(a:p) ; j^-M^Xp) | ; (2.29) 

a=l a=2 a=l a=2 

jiitl!;M-,N{Xp) = —j^^-M-NiXp) jij)ij;f,m,r;g,n,s{Xp) ~ ^ j ip^p-J ,m,r\g ,n.,s{Xp) (2.30) 

U^;M;N{Xp) \ 

l%{xp) = -IVJi^p): a=l,...,8. (2.32) 

Apart from the source term .A5[3, J^, J^^, j'-'^^J (|2.22p . we have also to implement the anomalous doubling of quark fields 
into the path integral (|2.25p with the action A[tp, Dftip, F] (|2.26p in order to incorporate BCS pair condensates in the time 
contour propagation. This has to be achieved by Hubbard-Stratonovich transformations (HST) to self-energies which 
include the anomalous doubling for the fermionic matter fields. Eventually, remaining Gaussian integrals of doubled 
quark fields introduce the Fermi determinant with anomalous doubled one-particle Hamiltonian and self-energy which 
allow for the coset decomposition to the effective, BCS related actions with coset matrices T{xp). 



3 HST of Fermi- and non-Abelian gauge fields to self-energies 
3.1 HST to the self-energy of the non-Abehan gauge field strength tensor 

We introduce the real self-energy matrix S'^luixp) with corresponding anti-symmetry as of the gauge field strength tensor 
^a^ixp) in the two spacetime indices '/i, for each of the eight SUc(A^c = 3) colour generators. In general, HST's are 
related to Gaussian integrals; therefore, we start out from the Gaussian identity (jS.ip with 'flat', Euclidean integration 

measure of the real self-energy matrix &\^]iv{xp) which couples linearly to the field strength tensor F^'^{xp) and the real, 
anti-symmetric source field ja\iii^{xp) in the action of the exponential 

1 ^ ld[ei%{xp)]exp(^^J^d%[ei^^^^'^ixp)-Fri^^^ (3.1) 

^ (^^a~;^i/{Xp) — F^.p^iXp) — 2 ][^-Jii,{Xp)^ . 

The Gaussian integral p.ip consists of the self-energy matrix &''a-}i,j{xp) which is shifted by Fa-^^i,{xp) and by the source 
')a;liv{xp). In consequence, one obtains the standard relation of the HST where the quadratic term of the field strength 



3.1 HST to the self-energy of the non-Abehan gauge field strength tensor 



13 



tensor Fa-^i,{xp) is reduced to a linear coupling with the self-energy in a 'Euclidean' Gaussian integral. The quadratic 
term of the field strength Fa-^^^{xp) on the left-hand side of (|3.2p is modified by a linear coupling to the symmetry-breaking 

source field )^a-}iv{xp) so that we also consider the corresponding part of the source action As (|2.22p 



exp 



I j d Xp \ F^ i^p) -l^a:fj.iy{Xp) + }a-u,^{Xp) F^ i^p) 



(3.2) 



p(\ 6'f^'^^xp) ei%{^p)-l{h-M^p) + 2j(J^l{xp)) G'i'^'^^xp)- 



X exp Y j ^ ^ 

In a subsequent step (|3.3p . one replaces the field strength tensor Fa-^^{xp) in its linear coupling to the self-energy 

&'^a'^^^ {xp) by the original expression with the gauge field Aa-^^j,{xp) (|2.5|2.6|) . Consequently, one gains the actions in the 

last two lines of ()3.3|) which combine the self-energy ©^^•'^'^(xp) and its spacetime derivative to a quadratic and linear 
part of the gauge field Aa-^p_(xp), respectively. The resulting, quadratic and linear term of Aa-fj,{xp) can be removed by 

Gaussian integration in later steps of the derivation. We have also to include a non-hermitian Cp^"* matrix term (|3.4p 
for appropriate time-ordering and convergence properties of contour time Green functions (similar to ip (|2.27p for the 
propagation of quark fields) 



exp 



= exp 

= exp 

X exp 

= exp 

X exp 



(3.3) 



^ / A(i,^,{xp) \ - I if^ + Co.p^ e^i^^'^ixp)] A^,,{xp) \ X 



- ^ A^,,{xp) (4,^6(f)'^''(xp)) +A„;p(a:p) {dp^Ml^^'^Xp)) 

[ d% Ap,^{xp) \ - I ef ) -I- C^fi^ Q'^P^'^ixp^ A^,,{xp)\ x 



^ \ d% A^,^{xp) {dpMP''''{xp)) \ ; 



c 



/ 13 J 



(3.4) 



The combination of Eqs. p.2l3.3p leads to relation (|3.5p which transforms the quadratic term of the field strength tensor 
and the linear coupling to the source field ya;iiij{xp) to a Euclidean Gaussian integral of the corresponding self-energy 

matrix {xp). Apart from the linear derivative coupling to the gauge field Aa.^^{xp) (last line of (|3.5p ). the self- 

energy matrix is contained as a kind of ^inverse variance^ in an action with quadratic gauge fields A^.^^ixp) which can be 
eliminated by Gaussian integration after adding the coupling to the bilinear quark fields in ili{xp)If){xp) tp{xp) 



exp 



c 



I I d% [ - Fr(a;p) F^,,,{xp) + -l^.l^{xp) Fii^xp) 



(3.5) 



d[&\^Uxp)] exp^ * l d% ( i )'"'(a:p) &'£lAxp) + 



X *5XP I - ^ / d\ Ap.^{xp) - I tf^ + Cafjj &'^f'>^'"ixp) Aj.^{xp) \ X 
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3 HST OF FERMI- AND NON-ABELIAN GAUGE FIELDS TO SELF-ENERGIES 



Eventually, we can insert the completed HST (|3.5p for the quadratic field strength tensor with its linear source-coupling 
into the path integral (|2.25l2.26p . The delta-function of the gauge field Aa;fi{xp) in (|2.25l2.26p . caused by the axial gauge, 
is taken into account by the standard integral representation with auxiliary, real fields Sa{xp) (a, /?,... — 1,...,8). 
Furthermore, the resulting generating function J^, J^^, j'^-*] (|3.6p is grouped into integration terms which consist 

of the 'gauge field strength' self-energy d[(3i^^,y(xp)], the fermionic quark fields d[ip\,j{xp), ^|:M{xp)], the auxiliary, real 
integration variables d[saixp)] for the delta-function of the axial gauge, subsequently followed by remaining Gaussian 
integration d[Aa:fj.{xp)] of the gauge field 



Z[3,J^,J^^J^^] = / d[e[f;iixp)] exp » / d\ - 6(^)'-(xp) ei%{xp) + 



c 



(3.6) 



.(F)t,i, 



(F) 



X exp 

X exp 

X exp 

X exp 

X exp 



I 

2 

- j d'kcp ^j,^ (xp) J^^.^.^ixp) '^%i{xp) 

^ J^d% d% ■i'^^\yq) 3N-M(yi^^p) '^M(^p)j ^ J d[sa{xp)] J d[A^,f,{Xp)] X 
^ ^ d% At,,^{xp) [ - I if) + Co^p-, S(f )'^''(xp)] ^^;.(xp)| X 

I 1 d\ Ap,^{xp) {dp^^&\P^^{xp)) - i'lj^ixp) [(3{i T *~/3)]iv;M V'/,M(a;p) 5gj - sp{xp) 



We split the Gaussian integration part (|3.7p of gauge fields Aa-^p{xp) from the generating function in (|3.6p and separately 
list the result of the integration. Aside from the inverse square root of the self-energy matrix for the gauge field strength 

tensor, an action appears that is quadratic in spacetime derivatives of the self-energy matrix ( ©^^^^(xp) ), quartic in 
the interaction of matter fields and again quadratic in the auxiliary, real field Sfj{xp) for axial gauge fixing. The latter 
action in l|3.7p is locally weighted by the inverse of the field strength self-energy matrix as a kind of ^ variance\ indicating 
the self-interaction of the gauge fields. Since the self-interaction of the gauge fields consists of a quadratic derivative, 
(symbolically abbreviated by (96 (^)) (6(^))-i (96 (^)) ), one immediately concludes for the asymptotic freedom at high 

^ ( F) 

energies according to the spacetime derivative {dp&p.^^{xp) ) which also occurs in the coupling to the quark fields 



d[Ac,,f,{xp)] expi -M d%Ap,f,{xp) \ - li^^^ + Ca/s-y &i^^'""{xp)\ A^,^{xp)\x 



(3.7) 



X exp I - d-^Xp Ap.f,{xp) {dp^^e^^^ixp)) - iplf{xp) ^ ip)] ^,^ipM{xp) - sp{xp) 

-1/2 



det 



X exp 



d Xr 



c 



7/3 



3.1 HST to the self-energy of the non-Abehan gauge field strength tensor 
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We substitute the entire Gaussian integration part p.7p of the gauge fields Aa:f_i{xp) into (|3.6p and additionaUy perform the 
anomalous doubling of the fermionic quark fields V'm'/'m — ^(^m 'S'''" ^m) (|2.20l2.2ip and also include the anomalous 
doubling with the transpose of the one-particle Hamiltonian (3 {'^^dp^fj, — i ip + m)N-,M- The anomalous doubled path 
integral is listed in detail in Eq. ()3.8|) where the doubled, fermionic fields \l/^(a:p) replace the original quark fields ipM{xp) 
in (j3.6p with suitable anomalous doubling of one-particle Hamiltonian and of the quartic interaction term. However, the 

integration variables of the self-energy &a;/ii^{xp) of the field strength tensor and of the auxiliary, real field Sa{xp), both 
related to propagation of the gauge terms, are separated as bac kgro und fields from the fermionic quark field integrations 
d[ijj]^{xp), il^mixp)] in p.Sp with additional averaging ( . . . p.9p of a 'background generating function' 



Z[3,J^,J^^,)^^'^] = ( Z ©(•^),s„;p);Eq. 1^ x / d[i,\j{xp), i>Mixp)] x exp I - - j^d% x (3.8) 



^ ^ V ilv;JV;M(2;p) -[Pil'"dp,f,-iep + 7n)]Jj.j^j 



X exp ■ 



ji)tl);N;MiXp) 

dp,fj. — 

d% d% ^%\yq) 3N;Miyq,Xp) ^lliXp) 



ha 



■^liixp) ) X 



N:M 



exp ^ - - d%( 4f,,(xp) S'^" ^\,{xp) + ^\1{xp) S'^' j;.^Mi^p) 



X exp <( - - / d^Xp 



(d^e^^l.ixp)) - s,{xp) nJ [ - z ) + C^p,y G^P^'"' {xp) 



7/3 



[^(»7m */3)]„.lV:f.M 



X exp - / d\¥f-,{xp)\ 



0{i % i-r)]g',N'-a,N 



ha 

I _ _ 





^9 J *M(a^p) ^ X 



b'b 



-l-.ufl 



7/3 



Y LHV /M /a^J//,M';/,M / f'.M'-j M 



fields 



(3.9) 



rf[6S.(^p)] rf[^o(^p)] exp W d% - elf^^'^ixp) &i%{xp) - l%{xp) Gi^^^^xp) 



+ W'^'i^v)) I X I det [( - z if) + C^p, G^t^^^xp))^^ 



-1/2 



X exp <; - j dSup 



7/3 
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Despite complicated and lengthy appearance, we have moved three and four point vertices of gauge fields Aa-f^{xp) to a 

background path integral p.9p of the field strength self-energy &a-liv{xp). Therefore, it suffices to concentrate onto the 
anomalous doubled quark fields (j3.8p whose quartic interaction contains as two-body potential the inverse of the gauge 
field self-energy matrix within a completely local spacetime relation (last three lines of (|3.8p ). 

3.2 HST to the anomalous doubled self-energy of Fermi fields 

The HST of Fermi fields is not only more involved by the anomalous doubling, but also because of the 'inverse' self-energy 
of the field strength tensor in the quartic interaction p.Sp . We recognize that the combination Caf3-y &''a^^'^ {xp) of anti- 
symmetric SUc(-/Vc = 3) structure constants Ca/j-y and anti-symmetric spacetime indices in G^^'^^^ {xp) defines a totally real 
symmetric matrix with doubled indices of Caf^-y {xp) = [Matrix]^!^ = [Matrix]!^^. Therefore, we introduce a real, 

orthogonal diagonalization (|3.10p oiCap-y &\^'^^'^{xp) with orthogonal matrices !B^'-^|^^(xp), *Bp^^^^^'^(xp) = {xp) 
and real eigenvalues ^\^.^){xp) H. This induces a change of integration measure from the 'fiat', Euclidean self-energy 

of gauge fields d[&\^lAxp)] to that of S0( {N^ - 1 = 8) x (3 1) ) = SO(32). Since the self-energy 6Lf,L(xp) with 
its diagonalized form (j3.10p only occurs as a background field and in a saddle point approximation, we do not specify 
details of the SO(32) integration measure which has to be incorporated by a delta-function p.l2p into the 'fiat', Euclidean 

integration degrees of freedom d[&a-^liu{xp)] 

C^p, eit^^^xp) ' g %%^{xp) b[Z)i^p) ; (3.10) 

(q) = 1,.,S 

diei^^'-'ixp)] ^ d[6(^)''''(xp);S;(;)^^(xp);b;5^)(xp)]; (3.11) 
d[&i^^^^{xp);%f;\^^{xp);b\t^^^^^ d[%^;\^^{xpy,b\tl^{xp)] x (3.12) 

{^p} ^ (o) = l..,8 

Moreover, the anomalous doubled gamma- and colour-matrices /37'', ta in (|3.8p are abbreviated by the matrix symbols 

^ aa hh _ ^ ^ ^ . . _ ^ ^ . . 

^ l3-ij.-M'-M ^n'i ^-f-u-N'-N order to simplify notation (|3. 13113. 15|) . These anomalous doubled matrices are hermitian (|3.15p 
and are also diagonal in the isospin- (fiavour-) degrees of freedom which may be additionally considered by the separate 
indexing {M'; M} — > (5/'./ {/', M ; /, M} according to the definitions in section [2T] 

7m t/3)]A/';M \ , . . 

W{l 7m ip)\M';M ) 

/ - - \ '''' 

jbb _ / [p{l%ty)]N',N \ 



« 7m ip)]M'-M = 7m ii3)]M';M ; [/?(« 7m ^/3)]m';M = Sf'j [/3{i 7^ f^)] f,jj'.fjj ■ (3.15) 



Proceeding with the diagonalization (13. 10113. 12|) and abbreviations (13. 13113. 15|) . it is possible to reduce the anomalous 
doubled, quartic interaction of Fermi fields in (13. 8p to relation p.l6p . According to the diagonalization of ()3.10p . one 

^Although we have selected similar indices 'a = 1, ... ,8' and 'k = 0,1,2,3' in anticipation of the number of colour generators ta and 
the labeling of spacetime, this summation over 32 degrees of freedom can be realized by arbitrary indexing, as far as only 32 independent 

additions with the eigenvalues fa^^' A^v) and eigenvectors in (xr,), sT'^"''' (a:„) are concerned; therefore, we need not distinguish 

between contravariant and covariant spacetime indexing and set the introduced indices '(a) = 1, . . . , 8' and '(k) = 0, 1, 2, 3' into parentheses 
in order to emphasize their difference to the other labeling for colour generators and spacetime degrees of freedom with metric tensor fjf^'^ ! 
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achieves the sum of {N^ — 1 = 8) x (3 + 1) = 32 interaction terms of anomalous doubled quark fields, each with a different 
diagonalized 'two-body potential' [—t ep^' + fa|^.-*^^(xp) ]"■*■ of the 32 eigenvalues fa|^.''^^(a;p). Furthermore, the diagonalizing, 



orthogonal eigenvector matrices , (x„), "I" (x„) can be shifted into scalar products of anomalous doubled Fermi 

fields by defining the potentials v[a)-M'-Mi^p) (|3.17|3.18p in terms of (|3. 13113. 15|) and (|3.10p 



exp {-Id 



'xp(*^^(xp) t'^,,^,.^^ S'" vl/^(xp)) [ - ^ + C^p.y &'-P^''''{x,) 



-l;i^fi 



7/3 



(3.16) 



ajp) X 



^ (a);M>-M\^pl 



'^(a);JV';7v(2;p) = r^;l/;Ar';Af (^^p ) = T^;!. ;g' ,lv' ;g,lV V,9 ^^f..^ („) (^^P ) 



(3.17) 
(3.18) 



This allows to perform the dyadic product of anomalous doubled quark fields to the required density matrix i?^|.jY, (a;p) 
with BCS paired terms in the off-diagonal blocks (a ^ b) so that the HST becomes possible with an anomalous doubled 
self-energy of quark matter fields in a Gaussian integral 



*M(a^p)®*w'(a;p 

Combination of the entire relations 



(3.19) 



for the path integral (|3.8p yields Eq. p.20p with density matrices (|3.19p 
for the anomalous doubled, quartic interaction part of Fermi fields 



exp 



bp(vl/t^^(xp) f ''.^^.^ 5^" *^(xp)) [ - z e(^) + Co,p,y ei^^'-'-'ixp) 



(3.20) 



X R^M'i^p) V;„)7M;/M(a:p) 5- - ze},^'^ + fa|;;)(a:p) 



,(F)a;(K) 



However, the dyadic product (|3.19p to the anomalous doubled density matrix Rl'^.j^,{xp) does not regard the 8x (3+1) = 32 

- (F)o;(k) - (F)6;(k) 

different potentials V^^^.^j/.j^.^ (a;p), V(„).^/.^(a;p) p.l7l3.18p which even depend on the anomalous indexing with a,b = 1, 2. 
Therefore, we take an additional, unitary diagonalization Vi^l^'^—lxp) (I3.22p of the hermitian, doubled '11' and '22' 



potentials p.l7l3.18p into real eigenvalues ii^?;^^{xp) (The indices '(«;«;)' in p.22p are also embraced by parentheses 
because a diagonalization is performed for every pair '(a; k)' of the 8 x (3 -f 1) = 32 combinations without any additional 
summation of these !). Using the unitary properties of U^^'l^-'_(a;p) in the '11' block, one straightforwardly derives 



conditions (|3.23p for the transposed '22' block and determines through diagonalization with U^p^—i^Xp) new density 
matrices (xp) . These are modified from ^m.jv(^p) by the block diagonal unitary transformations 'U^l!l^l^?(xp), 



'U.'p^i"^\xp) with eigenvalues 6^l^''(xp) which do not depend on the anomalous doubling in contrast to the potentials 



V 



(a;K),hb,\ 

(F)a;(K) 
(a);M';M 



fF)6;(« 



(Xp), V(„)^^.^(Xp) (|3.17|3.18P 



V 



(F)a;(K 
(a);M' 



(3.21) 
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f'J 



f'M -J.M 



7/. )] f, 



f',M';f.M F-P(a) 



u 



F;M';N'' 



(3.22) 



real 



u 



F:N:M 



(Xp) 



F:M -N ^ P' 



r:~i{a;K) ,ab / n j 

U^"'"' fx ) ■ 

^f-:n-m^^p> ' 

^f-m'-1^^^p^ ' 



1 

■Aa;K),22, 



N-M 



F-M -N ^ P' 



^f-j^-m'^^pi ^f-m'-M^ p' 

^f-:n-m^^p> ' 

nry(a;«:),T. ^ . 
^F-J^-M^^P> ' 



(3.23) 



V 
V 



{F)a;(K) 



(a)-f'M ;/,M 
{F)b;(K) 



{Xp) 

(a);g',lV';g,lv(^p) 



F-M -N 



"F-J^'-JT ^ P' F-Jl^ P' ^F-TJ-lv^-^P) "9',g ' 
■^fJl.gM P' 



ah 



—Ax ) U^^'^l'^'^'Va: 1 

fM'.gM'^ P' ^F-Jd'-J^ ^ P> 



(3.24) 

(3.25) 
(3.26) 



The transformation (|3.26p of the density matrices Rm-n^^p) Iv^'^p-^ with block diagonal, unitary matrices 

^F-JT-Jf'^-^P'' ^f-m'-J7 

The quartic interaction (|3.27p with the trace T 



U^^j^^j^{xp), U p jl; -2' (xp) (|3.23p changes the quartic interaction term of Fermi fields in Eq. (|3.20p to relation (|3.27p . 



(=1,2) 



over 3?]^:^^" (xp) differs from p.20p with R^-N'i^p) 

8 X (3 + 1) = 32 eigenvalues 6^1^' (xp) instead of the anomalous indexed potentials '^[Jy-f'^ ^'.f^ixp) p. 1713. 18|3. 211 - 

I3.26p . The transformation of Rl^.j^ixp) to 8 x (3 + 1) = 32 density matrices 'k^^ji'^"''' (xp) also underlines the 32 different 

diagonalized 'two-body' potentials [—i (xp)] which cause nontrivial couplings in the anomalous doubled, 

internal space with index a, 6 = 1,2 p.20p . The unitary transformation of density matrices gives rise to a change of 
integration measure with U( {N^ — 1 = 8) x (3 + 1)) = U(32) which is not determined in detail because it is absorbed 
into the background generating function of gauge fields |24j. An additional delta- function p.28p in the measure of the 

field strength self-energy d[&'^^l^{xp)] guarantees the equivalence of the two quartic interactions p.20p and (|3.27p with 
the transformation p.26p to the 8 x (3 -|- 1) = 32 density matrices :R^!^^"*'(xp) 



c 

X (^vi/t;, (xp) r^:^^M';A/ ni ) J I = *^^p I ~ 8 ^ '''''' 

a(=l,2) 

X 'S: 

(k) = 0,..3 



exp <; - / d% ( ^^j,%xp) f S"' ^%{xp) ) - ^ ef ) + C^p,y Qi^^^'"' {xp) 

(q) = 1 

rp(a;K)a6 / x ~{a;K) , s ^bb /u(a-K)ba , x ~(a-K) , x Aqq 
•^fM;gJ^^^P' "f;1V ^^P> ^ g .N;f,M^^P > ^F-JT ^^P> ^ 

Eq. mM ^ d[&i2A^p)] d[»^(;J^^(xp);fa[f;^^(xp)] d[U^^:^^-{xpy,i,f:^\xp)]x 

n 6(c^,, 6(f)-(.p) - '^'e ^f;l,ixp) b[fi,(xp) »p/;);(xp 

{j;p} ^ (c.) = l,.,8 

{xpi(Q) = l..,8} ^ ^ 



(3.27) 



(3.28) 
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Relations (|3.27l3.28p of the anomalous doubled, quartic interaction of Fermi fields allow to apply 8 x (3 + 1) = 32 HST's 
by introducing 32 independent, different self-energies S'S^^/.'ll°'^{xp) (|3. 29113. 33)) for the matter fields in analogy to the 
super-symmetric case of Ref. |11] . The anti-hermitian, anti-symmetric BCS related self-energy parts t S'S'^^j'.'^"''^^ (xp) are 
denoted by a tilde ' ' over the total self-energy symbol (5I]^"!^^°^(xp) of the quark matter fields. The anti-symmetry of 



6E 



M:N 



(Xp) = I 



M:N 



(xp) regards the BCS pairing of quarks whereas the anti-hermiticity takes into account a 



proper coset parametrization with the appropriate number of independent field degrees of freedom; these have to coincide 
with the number of independent parameters for the transformations leaving the path integral (|3.8l3.9p invariant 



A(a;K)ll , 



M-N i^p) 



6T, 



* "■^M:N \-^P) 



Cy(Q:K)12/ ^ 

.^(a;K)22, ^ 



M:N 



(3.29) 



(51] 



(q:k)12. X 
M:N y-^P) 



= - 



cy.(a;K)22, x 

"^M\N y^p) 



^M:N y^p) 



^(ct;K)22 



^(a;K)12 



<-y(Q:K)21/ N __/ry(Q;K)21 



(Xp 



= Us 



T(a;K)12 



{Xp) 



(Xp) = 



'd 

'D 



F;M 
F-M 



Sm-.n 



6T. 



(a;K)22 
M-N 



[Xp) . 



(3.30) 

(3.31) 

(3.32) 

(3.33) 
(3.34) 
(3.35) 



According to Ref. [TT], we catalogue the analogous HST's in (|3.36l3.37p and briefly describe how half of the original, 
anomalous doubled, quartic interaction of fields '^\j{xp)^ '^\^{xp) is transformed by the off-diagonal blocks a ^ 6 or 
BCS related self-energies 5y}-^]'^j^°'^^ {xp) = i 5E^!^^°'^''(a;p j3 and how the other half (|3.37p is transformed by including 



8 X (3 -f 1) = 32 real, scalar, diagonal self-energy fields ct)^''" (xp) for the quark densities p.34|3.35p . Moreover, we 
emphasize the anti-hermitian kind of the 32 HST's with i (5Ej^;^^^^(a;p), i (5S^:^^^^(xp) so that one achieves a suitable 
coset decomposition with the identical number of independent parameter fields as in the invariant transformations of the 



path integral (|3.8|3.9|) . Corresponding to Ref. [H], we perform the HST's of the 32 density matrices 31 



N;M 



{xp) for 



half of the quartic interactioiH by 'flat', Euclidean Gaussian integrals of 32 self-energies (5S^;^^°'^^(a;p) in the off-diagonal, 
BCS related sector of the anomalous doubled quark fields 



exp 



— / d^Xr, 



t,f> 



- bb 



pfiiXp) r^.j,.jY/.jY 

nii^p) 



Cc.p'Y&i^^^''''ixp) 

[ 



7/3 



d'^x 



(k) = 0,.,3 



a(=l,2) 

X '2r 



exp - 



f,M;9,N (^p) 



bb 



i^:-^\xp) 



Co) = l,., 



g,N;f,M 



+b\:u^p) 



F;N 



i^^-^ixp) 



ll,2) 



p / . 



M;N 



{Xp) 



bb 



F:M 



""Note the boldface typing t ^sl"'"' 



'Pre-factor i/16 instead of i/8 as in 113.271 1 for the 'half of the quartic interaction of Fermi fields 



(3.36) 
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{ (a) = l..,8 



t(q:k)21 



F:M 



bb 



a(=l,2) 

X 2r 



V f,M;g,N ^ P' 



+ 1 



+ 1 



a(=l,2) 



X exp ■ 



4 



66 



N:M 



-1 



The diagonalized, two-body potential part [— iep^-' + b|^.''^j(a;p)] and the eigenvalues i>^p'^{xp), which replace the anomalous 



(F)a;(K 



of 



indexed potentials '^(^ct)- 'f''M'-f'Mi^p) P-17l3.18p . have the effect of a kind of 'variance' in the Gaussian integrations 
the BCS related quark matter self-energy terms so that the polynomials b|^.''^j(xp) ), 6^^^(xp) ) have to be 
incorporated in the Gaussian integrations of the HST's for a proper normalization. 

The other half of the HST's for the quartic interactior@ with the original dyadic product of anomalous doubled 
Fermi fields is obtained by the independent, 32, real, scalar self-energies (T^'''''(xp) (I3.34|3.35|) which are related to quark 
densities. Since the Gaussian integrals with a^^''^\xp) are also weighted by the variance of the two-body related potential 
[—1 tp"^ -I- h'^^.Axp)]^ we have to include an additional polynomial *P2( ^(q''„)(^p) ) fo'^ ^^'^ normalization of the 32 HST's 



exp 



16 



7/3 



(3.37) 



(*l:;'(^p)r;;;M';M'^'"' nM) 

d[a^S--'^\xp)\ ?52(b£)(.,)) exp|M'd%'^ + 



X exp ■ 



(»)=o,..3 '^(=1^2) 







^(q;k)22 / X 



-1 



-1 



Moreover, one has to introduce 'hinge' fields which allow for the coset decomposition SO(iVo , iVo)/U(iVo) (8) U(A'o), 
(A^o = A^/ X 4^ X Nc) as the subgroup part in the spontaneous symmetry breaking to BCS related pair condensates of quark 
fields. (QCD-type case with up-, down-isospins yields SO(24 , 24)/U(24) (g) U(24) and with the inclusion of strangeness 
SO(36 , 36)/U(36) (8) U(36) .) In compliance with Ref. [11], we therefore take into account additional Gaussian integra- 
tions of self-energy densities (5E^;^^^^(xp), JS^!^^^(a:p) (|3.32l3.33p which are normalized to unity by the polynomials 

^P3( b(f.''^)(a;p) ), ilzi^'^p^-^ixp) )■ This normalization to unity is caused by the additional minus sign — (5X1^^;^ (^p) 

the '22' block density part which can be transformed to a non- vanishing '-!-' part +(5E^!^^^^(a;p), but then induces the 
required anti-hermitian BCS related parts in the off-diagonal '12', '21' blocks for the HST of half of the quartic interaction 



Note again the pre-factor 2/16 instead of «/8 as in 1 13. 271 1 for the 'half of the quartic interaction of Fermi fields ! 
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{«)=0,.,3 



(3.38) 



a( = l,2) 
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_F;lV ^ F;M P'' 



X exp I ■J d'^Xp ^ ^ 



N;M V P/ 



ry(a;K)ll/ N 
M;N \-^P) 
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-1 



The combination of all subsequent parts eventually yields the entire HST (|3.39p to self-energies of the quark matter fields 
expj^^ Ap f'',^^.^ S''" Ki^p)) f-*ef ) +C„;3v ^^<^^'''"' ^^p)]'^^ (3-39) 

(c) = l,-,S 

'd[<5Ei-f ^.,)] ??i(fa£)(.p)) V3{b\Z)(^p)) Qiii^gi-P)) Q3(6g(Xp) 

I (o) = l,.,8 



X exp ■ 
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■^N-,M i^p) '^N-M (^p) ^ 1 
^(q;k)21, X ^(a;K)22. x M _i 
N;M \-^pJ '^NiM v-^P/ ' ^ 



^(a;K)12 / 



ry(a;K)21/ N _y,(Q;K)22. n 
^-^nj.AT \^p } M:N \ P) 



-1 



The entire HST (I3.39P for the quartic interaction of fermionic fields can be inserted into the generating function (I3.8l3.9p 
Z[S, J^, JtI,^,]^^^ so that we obtain relation p.40p which depends on the 32 independent self-energies (5S^";^^°''(a;p) of 
quark matter fields (also with anomalous pairing), on the 32 independent, real, diagonal, scalar self-energy density fields 
a^^''^\xp) and remaining Gaussian integrations of anti-commuting variables c?[^]^,^(xp), V'M(a^p)] 



d[a^°:'''"\xp)] exp I ^ d% ^ + &(f;l)(a;p) [(^d''''\xp. 

^ (q) = 1.-,8 



(3.40) 



X / d[(5S^";^^°''(xp)] exp<{ ^ l^d-x 
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a(=l,2) 

X 2r 



{a:K)ab 



1 



1 



F-N 



F;M 



X / d[tljlj{xp), ^pM{xp)] exp 



d% d% ^^j^'iy,) M%\t{y,,xp) ^lj{xp) \ x 

JC 

d^Xp (^J^j-Mi^p) ^A/l^p) + *M i^p) "^"^ ^^;m(^p), 

Relation (|3.40p is simplified by introducing the matrix M'^.j^.jd/q, Xp) (|3.4ip and the background generating function 



X exp 



p.42p of the gauge field propagation. Apart from the sources j^.M(%'^p)' 



(xp) and the one-particle Hamil- 



tonian, the matrix M^.j^j{yq,Xp) p.4ip contains the gauge field strength self-energy 6i^2^(a;p), the structure constants 
Cap-f of SUc(A^c — 3) and the quark self-energy density fields (j^j^''^\xp) coupled to diagonalizing matrices v}'p—l'^—{xp)^ 



iL^^:^:^;\xp) with eigenvalues x>^p j},{xp) of the anomalous indexed potentials '^[Jyj'^jj'.f-Mixp) (|3.17l3.18p . We assume 

that these gauge field related terms create a confining potential for the anomalous doubled self-energies (5E^";^^°^(a;p) 
of quark matter fields where the confinement potential is also partially determined by the source fields Jl-Mi^p)^ 



j: 



tjllp;N;M 



{xp). After using Eqs. (|3. 21113. 25| . we can also link the quark self-energy density fields ct]^'" (xp) and the 
term with the self-energy of the gauge field strength tensor together into a single potential part so that the relevant terms 
for a confinement become more obvious 



MN:Miyq,Xp) = 3N;Miyq,Xp) -\- 6'-'^\yq - Xp) SpqTJqX 
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The background path integral for (|3.40p is listed in (|3.42p and also incorporates the delta-functions p.28p of the diago- 
nalization p.lOI3.22p and the real, auxiliary field Sa{xp) for the axial gauge fixing. Furthermore, we have to include the 
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polynomials bi'f2(a;p) ), ^2{b'^^l{xp)), *P3( bif2(a;p) ), 6^i^^(a;p) ), 03( 6^i^^(xp) ) which have been introduced 
for proper normalization of Gaussian integrals in the HST's 



,s^,%p,b(^\U^, 6f ; ; Eq. (13:421) 
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(3.42) 
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{xp};(c) = l..,8 ^ ^ ^ 



X exp <i z f^d\(^\&i^^^-^{x,) ei%{x,)-l%{x,) ©(^^^''(xp) +E),(xp) j(f)'^''(a;p) ) ^ x 
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3.3 Coset decomposition for BCS pair condensate degrees of freedom 



The HST's of sections |3.1[ 13.21 have transformed the original path integral 



to J0, J^^,^)] (13.813.91) and 



finally to p.40p with matrix M'^.j^j{yq, Xp) (|3.4ip and background generating functional p.42p of the gauge field degrees of 
freedom. If we disregard the anomalous doubled one-particle Hamiltonian, the quark self-energy densities a^^''^\xp) and 
the gauge field strength tensor s'^l^ixp), the generating function Z[3, J^^ J^iji, )^^^] (|3.40p mainly consists of the sum of 
(iV^ — 1 = 8) X (3 + 1) = 32 anomalous doubled self-energies (SS]^.'^^^°(a:p) in M'^.j^j{yq, Xp) (|3.4ip for the fcrmionic matter 
fields; the latter are also dressed by the block diagonal unitary matrices U^°^':^''^/\xp), Vi"?^l^;'!^(xp) with colour degrees 
of freedom. Therefore, we can introduce a single, anomalous doubled self-energy S'Sf'f.^{xp) (|3.44p with anti-hermitian, 
BCS related terms in the off-diagonal blocks a ^ h for the entire sum of 32, colour dressed self-energies STj^^^'^^°'^ [xp] 
in M'^.j^j{yq,Xp) l|3.4ip . This is accomplished by including the delta-function (|3.43p with 6'E,'}l}.j^{xp) for the sum of the 
32, anomalous doubled, colour dressed self-energies i5S^;^)"''(a;p); one has also to reckon the similar symmetries p.45p 

for the density- and anomalous-related blocks of dT,f}.^{xp) as those for the independent, 32 self-energies SY^^j^'j]'^'^'' (xp) 
(13.29H3.35D 
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(3.43) 



24 



3 HST OF FERMI- AND NON-ABELIAN GAUGE FIELDS TO SELF-ENERGIES 



* '^^M;AfV'^p 

^^M:Ar(^p) 



(3.44) 
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(a;p) 



'^^M;7v(^p) ^ ('^^M;Af(^p) 



'^^M;7v(^p) 



('^^M;7v(-^p)) ^ '^^M;Af(^p) ' 
^21 



'^^M;7v(^p) ^ 



(3.45) 



— ('^^M;7v(^p) 



The transformation p. 43113. 45)1 to a single, anomalous doubled self-energy for the fermionic fields considerably simplifies 
the matrix M'^.]^,j{yq,Xp) (|3.4ip in the path integral p.40l3.42p . This is possible according to the analogous symmetries 
(lOSi) of Sl^llj^ixp) (lOl) as those of (5E^";^^°''(a;p) (13. 29113. 35p . After inserting the deha-function ((OS)) into p.401l3.42D . 
we integrate over the original, anti-commuting quark fields d[ip\,j{xp), 4'M{xp)] in p.40p and obtain the square root of 
the anomalous doubled Fermi determinant and the bilinear source term with J^'^j^iVq), J'^-m^^p) ^'-'^ ^^^^ inverse of the 
simplified matrix M^^j^'^{yg,Xp) (I3.47P 



Z[3, Jii>j J^^, j^'^-'] 
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d[a'^^-'^\xp)] expj^ [ d% [*^r + ^Sfi)(xp)] {a^r\^p)) 
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X <^ DET 
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exp <; - / d\ d% 4f^(y,) 5^^ M-^^'^iy^Xp) S^^ J^^^A^p) 



(3.46) 



^N-.AiiyqT^p) 
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(3.47) 
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^\ip-N;M^^p) 



3ip^;N;M{Xp) 

\KYdp 

, (k) = 0.-.3 



^ — zep + to)J ^.^^ / Ar;A/ 
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TV; A/ 



6a 



bb 



'^^iV:Af(^p) '^^JV;Af(^p) 
'^^iV;Af(^p) ~'^^A';A/(^p) 



ba 



g.N:J\M . 



According to Ref. TT], we transform the matrix M'^.]yj{yq,Xp) p.47p with hermitian, BCS terms to !M^.j,/(j/q, Xp) (|3.5ip 
with anti-hermitian, anomalous parts by the subsequent steps p.48ll3.50|l : additional use is made of the delta-function 



3.3 Coset decomposition for BCS pair condensate degrees of freedom 
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(I3.43P for abbreviating the sum of the 32, colour dressed self-energies ST,^^/.'^"''' (xp) by the single, anomalous doubled one 
M%,,{y,,xp) ^ S(S M%M{y,.Xv) S)S ^ S i^I^SM^y^^Xp)^ S ; (3.48) 



DEt{5 M%Miy,,^p) I^' S} - BET{M%,,{yg,Xp)} ; 
^N-M {Uq^-^p) ~ S i JA^.f^f {yq,Xp)iS; 



^N-^MiVq, Xp) ^ I S r]q ^^'^^j^*^' Vp S I + (5^**^ iVq - Xp) r]q Spq X 

[Pil^dp^p -iep + m)]^.^,/ j^ip-.N-.Aiixp) 



N-M 







1 f ^"^N-.A-li^p) * ^'^N-.M^^p'^ 



(3.49) 
(3.50) 

(3.51) 



Furthermore, we have shortened expressions for M''j^.j^,j{yq, Xp) in (|3.5ip by substituting the field strength self-energy term 
of 6i^2i/(a;p) and the quark self-energy density terms of a^^''^\xp) with ^^^^^(xp) by a potential V^(xp) (|3.52p . This 

real- valued potential variable V^(xp) p.52p follows from the background path integral p.42|) with additional averaging 
of the quark self-energy densities 



.ef)+C.,v6(f^^'^'(x,)];;-^ + l Yl ^tL^^^^ ai"-)(^,). (3.52) 



Eventually, the matrix M^.j^j(yq,Xp) is replaced by M^.^,j(y^, Xp) p.51l3.52p in p.46p so that we achieve the generating 
function J^, J^^, j*^^-*] p.53l3.54p which is further reduced by shifting the anti-hermitian, anomalous doubled, single 
self-energy (I3.44p in M^.^(?/g, Xp) with the source matrix i J'^j^.m{'^p) P-55p . In consequence the source matrix 

I J^^M-M^^p) disappears from M^.j^j (y^, Xp) p.5ip . but modifies the delta-function p.43p into (|3.56p . The background 
path integral of gauge field degrees of freedom is listed again in relation (|3.54p for convenience, but additionally includes 
averaging with the real, scalar quark self-energy densities d[ij^^''^\xp)\ (boldface symbols in (|3.54p . last line in Eq. (|3.54p ) 
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X <^ DET 



^NiAliVqi Xp) 



1/2 



exp i 77 / d\ dSjq Jlp^j^iVq) i ^N^M^iVq^ ^p) ^ Ji,;M^^p) 
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s^,^p,b^^\ilp,i>p; ctd;V^^;E(1. (|334D j (fields) 



(3.54) 
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{xp} ^ (a) = l..,8 



{xp};(a) = l, 
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(«) = 0,.,3 



d[^i,°-)(a.p)] exp^ / d% 5] [^ef) + bj5^)(a.p)] (^(^"^'^^(a.p)) X fields 



(c) = l,.,8 



* jlpii-N-ui^p) 



(3.55) 



(k) = 0,.,3 



S;M;M' ^^P^ '^^/,I7';g,lV'^^P'' ;lV';lV ^^P'' 



(c) = l,.,8 



(3.56) 



Furthermore, we move the potential variable V^(a;p) (|3.52p . which consists of the field strength self-energy &a;/ii^{xp), 
other colour-related degrees of freedom as ^'^^^(^^-^i^p) ^^'^ the quark self-energy densities a''^''^\xp), to the back- 
ground functional p.54p . This transformation becomes obvious, as one expands the anomalous doubled determinant 
{DET[M%j^j{yq,Xp)]y/^ and Green function M~;^iJ"(y5, a;p) in (|3.53l3.5ip in terms oi Hn-M^p) = [KPp + ^f{xp) - 
I ip -\- m)]pf-M (boldface symbols in Eqs. p.57ll3.59|) ). Since the part Hpf.M{xp) = [PiPp + * ^(s^p) — t ip -\- 'iti)]n;M 
is contained in M^.jy,j(?/g, Xp) in its anomalous doubled kind with the transpose Hjj.j^(xp), one can simplify the sepa- 
rated actions for the background functionals by multiplying with an additional factor of two. The particular form of 
the anomalous doubled Hilbert space is described in appendix |Al which also summarizes the definitions of the doubled 
spacetime coordinate states and the appropriate decomposition of the unit operator into complete sets of anomalous 
doubled spacetime or momentum-energy states. The decomposition of the unit operator also yields the suitable form 
of trace operations of the doubled Hilbert space with inclusion of the time contour integrals for forward and backward 
propagation (compare also with chapter 4 in TT]) 
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(3.57) 



Coset decomposition for BCS pair condensate degrees of freedom 
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Move to background functional p.54p (|3.59p 
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Xp) 3-ii,;M{xp) \ fields 
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N-M 



-I («) = 0,.,3 

- y 

(a) = l,.,8 



(Xp) cr 



(3.60) 



In consistency to the shift of ^ (5I]^J.^(xp) by i J'^'^]si-i<i(xp) (|3.55p . one attains a simphfied matrix M-^j^.j^jlyq, Xp) (|3.6ip 
without iJ'^M-Ni^p) instead of (|3.5ip . but has a modified deha function p.56p instead of (|3.43p for the sum of 32, colour 



dressed self-energies JSjj"!^ i^p)- The new delta function p.56p is reduced to an additional effective functional p.62p . 
which has a local spacetime dependence and which follows from integrating by (5I]^"l^^°^(a;p) over the delta function (I3.56P 

and over remaining Gaussian factors. These Gaussian factors consist of actions with the eigenvalues b|^.^^-|(xp), is'p'-^ [xp] 
as gauge field variables from the diagonalization of the interaction potentials (|3.17l3.18p and p.22p 
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(3.61) 
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(3.62) 



{Xp)} 



iPij;f,M-g,N 



(Xp) 



(«) = 0,-,3 ^ 
(q) = 1..,S 

(a;n)ab / 



We can therefore remove the 32, colour dressed self-energies <5S)j";^ (xp) by inserting the effective functional (|3.62p 
into p.53p . Furthermore, it has to be considered that the background path integral p.54p has been transformed by 
separating effective one-particle potentials Hm-^m{xp), Hj^.j^ji^Xp) with V^(xp) (|3.60p . also containing the quark self- 
energy densities a'^^''^\xp), to the new background generating function (j3.59p . These transformations require adjustment 
of the anomalous doubled determinant (|3.57p and bilinear source term (13.581) with the simplified matrix 3w'j^.j^j{yq,Xp) 
(|3.6ip . The transformations p. 55113. 55)) finally yield the generating function (|3.63p whose most important dependence 
is given by the single, anomalous doubled self-energy (5S^^.^(xp) with anti-hermitian BCS terms. The transformations 
(|3. 55113. 55|) cause a different background field averaging with the path integral (|3.59l3.60p instead of (|3.54p 



p{xp)i&^^\s^,^p,b^^\Up,6p;cTD;V^^;Eci. (137591) 1 X / d[5J:li^j,{xp)] X 



{Xp} ^ 



(3.63) 
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X exp - 



TR 



tr 



exp < ^ / d% Jifisiiyq) i 



In 



-In 







Corresponding to chapters 3 and 4 of Ref. [TT], the coset decomposition is accompHshed for by coset matrices 

T{xp), T^^{xp) and by block diagonal self-energy densities 6^^^.J^J,.]^,{xp), 6Y?^.^,^,.j^,{xp) (|3.64p which are further diag- 
onalized to the anomalous doubled eigenvalues 5K{xp) with block diagonal 'eigenvector' matrices Q{xp), Q^^{xp) (I3.65P 
(compare (llj ) 



^^^M-N^^p) 



'^^i3:Af':JV'(^p) 




'^^l5:A/';Af'(^p) 



= T{xp) Q '^{xp) 6k{xp) Q{xp) f ^{xp) ; 

^'^'i):M:n{^p) ~ *3Af;Af'(^p) ^^'m' ■,N'i^p) Q'n>;n{^p) ■ 



a b 



M':N' 



/ - \b'b 



b'b 

N';N 



(3.64) 



(3.65) 



We have to require the corresponding symmetries for block diagonal self-energy densities S'E'^.j^j.j^{xp) following from the 
symmetries of densities 6'E,1j.pf{xp) of the original, anomalous doubled, single self-energy 6Y,l''j.pf{xp) p.44l3.45|) 



'^^Af';7v(^p) 
'^^Af;]v(^p) 
'^^_D;M;Af (^p) 
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-(51] 



11, T 
D-M-N 



[Xp) 



^^A4':n(^p) ^ '^^M;Ar(^p; i 



(3.66) 



Proceeding with chapters 3, 4 of Ref. [TT], the anomalous doubled eigenvalues dA°'{xp) (|3.67l3.68p of block diagonal 
self-energy densities ST,'^.]^j.j^{xp) p.65l3.66p are given by diagonal matrices diag{(a = 1) : +6XnoxNo{xp) ; (a = 2) : 
—SXnoxNo (xp)} with dimension A^o — NfA^-{Nc = 3), {Nq = 24, (36) for isospin- (flavour-) degrees of freedom). The block 
diagonal, diagonalizing 'eigenvector' matrices Q^xWoC^p) P-69P consist of the hermitian generator S'DiNoxNoixp) (|3.70p 
with vanishing diagonal because these degrees of freedom are already contained in the eigenvalues SXnoxNo{xp)- Since the 
'22' self-energy density block 5T?^.j^j.j^{xp), (respectively 5T?^.j^(xp)), is equivalent to the negative, transposed '11' self- 
energy density —5Y}j^!^j.j^{xp) (— (5S]^J^;^(a:p)), we have to require symmetries p.69p and have to construct Q'^NoxnS^p) 
by the negative, transposed generator —"^^-MaxNi ,(^p) eziD 
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Q^No^Noi^p) 



°'''{xp) = Sab diag| dXNoxNoixp) ; SXnoxNo{xp) | ; Nq = Nf ■ ^ ■ {Nc = ; 



diag|(5Ai(xp), ... ,(5AAr„(xp)| 



'JVoxAfoV'^P'' 
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(3.67) 

(3.68) 
(3.69) 

(3.70) 
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exp < — I J-^ 



D[NaxNo 



(xp)| ; TD;ii{xp) = ; (i = 1, , 



(3.71) 



In analogy to Ref. 11 , the coset matrices T^j.]^{xp) are specified by the generator Y^j ]^{xp) with anti-symmetric sub- 
generators Xm-n{xp), x\,j.ff{xp) of complex commuting variables for the BCS degrees of freedom 

ab 

M;N 







Xm-n{xp) 



-^M-Ni^p) — ^Xm-n{Xp) 



(3.72) 
(3.73) 



The generator Y2Nax2No{'Xp) (|3.73p with anti-symmetric sub-generators XnoxNo{^p)-, X\j^^j^^{xp) is supplementary 
decomposed into block diagonal matrices P2Nox2No{xp) = PN^xNgi-'^p) P-74p and into Ydd;2Nox2No{xp) p.75p with 

anti-symmetric, quaternion-valued, diagonal elements Xdd;NoxNo{xp), f NoxNoi^p) I|3.76l3.77p . The latter, quaternion- 
eigenvalues refer with the anti-symmetric Pauli matrix (T2)g/ (with the anti-symmetric parts of the SU/(7Vj = 3) Gell- 
Mann matrices) to isospin- (flavour-) degrees of freedom where the complex, eigenvalue parameters fjj{xp) (j3.78[) are 
labeled by the collective index M = {m, r} of gamma- ^ml and colour-matrices ia-.rs 



Y2Nox2NoiXp) - P2Nox2Noi^p) YDD;2N„x2NoiXp) P2Nox2NoiXp) 
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XI 
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'DD:NoxNo(^p) 

XdD:NoxNo{Xp) = f NaxNoi^p) — f g,N-f.'M(^p) ~ i^^) gf '^lV;M /m(^p) ' 

7NoxNoiXp) = diag|(T2)g^7i(Xp), ... ,{T2)gj:7^{Xp), ... , (T2)g^7Aro/2(a;p)} ; 

\7mM\ exp {i </>m(xp)} ; (/^(xp) e C) ; 
(M = 1, . . . , iVo/2) ; {g,f = up, down, (strange)) ; 
with anti-symmetric SU/(iV/ — 3) matrices and No/3 instead of No/2\) 



(3.74) 
(3.75) 

(3.76) 
(3.77) 
(3.78) 



(inclusion of strangeness 

The block diagonal eigenvector-matrices PN^xNai^p) P-'^'^P of the coset generators Y^j.^{xp), Xm:n{xp), xl,f.j^{xp) 
(|3.72l3.73p have to fulfill symmetries (|3.80p with a hermitian, quaternion- valued generator So-NoxNoixp) p.8ip whose 
negative transposition ^S'jj.j^^xNgixp) yields the suitable generator for the '22' block P'n'oxNo^^p) P-^^P - Since 
complex parameters are already contained in the quaternion- valued, anti-symmetric eigenvalues f NaxNoi^p) I|3-77l3.78p . 
the analogous, quaternion- valued, diagonal matrix elements of Gjj.fjj.gjj{xp) have to vanish completely in the isospin- 
(flavour-) indices f,g = up, down, (strange) 
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; (If = 1, ... , iVo/2) ; (g, / = up, down, (strange with A'^o/3 !)) 
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(3.80) 
(3.81) 
(3.82) 
(3.83) 



We apply the coset decomposition of S'Sl''j.j^{xp) in relations (|3. 64113. 75)1 to the matrix 'M^^.j^j{yq,Xp) (|3.6ip on which 
a similarity transformation is performed by T{yq), T^^(xp) and which comprises an effective potential y(xp) (|3.60p 



3.4 Separation of 'hinge' Eelds from BCS pair condensate terms 
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abbreviating the sum of the gauge fields &'£lu{xp), ^'^^^{xp) and quark self-energy densities fj^^''^'{xp 
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(3.84) 



Taking into account the change of integration measure of the coset decomposition, we attain the generating function (|3.85p 
with matrix M^.^j(?/g, Xp) (|3.84p and with an additional polynomial ^5{SX{xp)) of the eigenvalues 6X{xp) p.67|3.68p 
following from the Jacobian for the new integration variables 
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3.4 Separation of 'hinge' fields from BCS pair condensate terms 

It is the aim to derive an effective Lagrangian with BCS related field degrees of freedom so that we have to remove the 
block diagonal self-energy densities or 'hinge' fields of the spontaneous symmetry breaking. This has to be combined 
with the coset decomposition SO(24 , 24) /U(24) (g) U(24) (for the case with 'up', 'down' isopsin degrees of freedom) of 
section [331 where we have performed a factorization p.84|) of the matrix M^.^^(?/q, Xp) into anomalous field degrees of 
freedom with coset matrices T{yq), T~^{xp) and with block diagonal self-energy densities 6T,'^.j^.j^f{xp) or 'hinge' fields. 
We symbolically abbreviate this factorization (|3.84p by Eqs. (13.86113.9(7)1 and introduce the gradient term T^^ 3iT — 
with anomalous doubled one-particle part JC'}^.]^.j{yq,Xp) (|3.87l3.88p which also includes the potential part (y{xp)) (|3.60p 
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N';M'iyq^ ^p) 
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(3.89) 
(3.90) 



The subsequent steps p. 48113. SO)) , which have transformed the matrix M'^.j^,j[yq,Xp) (I3.47P to M5^.j^^(yg, Xp) (|3.51|) with 
anti-hermitian anomalous parts, are inverted by the operations in relation ()3.9ip 



^"S-MiVq^^p) = [f{yq)is(st^ <?:A,.(y„Xp;<5SD)/-i S) S I f-\xp) 



ha 



N-M 



(3.91) 



«M'(2'i,^p;-f-^«So7-i) 



<'?;M'(y?,a:p; i-i sto i-') = isi-' i<%M'{yq.^p;5tD) s 



Using the factorization (|3.84l3.86p . one obtains a new matrix N^.j^j{yq,Xp\ I ^ SY^d I ^) (|3.92p under inclusion of the 
'hinge' fields (5S}^.^^^^jY^(xp), —5Y?j^.j^^y^^^^{xp) (Note the minus sign before the '22' density part !) 



<"m(%, ^p; r') = <";M(yg, xp) + - 







q( ^^D;NaxNo 
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ba 



iyg,xp). (3.92) 



We separate the 'hinge' degrees of freedom ST,1f.j^^y,j^^{xp) in N^.f^j{yq, Xp; 1^^ ST,d 1^^) p.92p and define new matrices 
^ff-Aiiyq^ Xp)i ^^N-M^Vq^ Xp) l|3-93p which only comprise BCS related field degrees of freedom in the coset matrices T~^{yq), 
T{xp) with anomalous doubled one-particle and potential part y{xp) in 'K^^-MiUq^ Xp) p.87p 



= sr^&s.^M{yq,xp)i^s}^ii+[{f{yq)i) \{f{xp)i)-'. 

+ {T{Vq)i^ i S j^^ ^^'-'^"'!^'^' s i(T{xp) I {yq,Xp) . 



(3.93) 



Since we have factorized the matrix JA^§. j^,[{yq^ Xp) p.86p in a kind of a 'similarity-transformation', the determinant (|3.94p 
reduces to an action ^^^^ [T, JSd,)^; 3] (13.95P where the block diagonal self-energy densities with additional minus in 
the '22' part appear as a summand without the coset matrices r~^(xp), T{xp) of the BCS field degrees of freedom 



DETjM^.VCy^'^p)}'^' = ^^^[T{yq) i S N%f'M>{ya,Xp; rHto t^) S I f-\xp)^ 



1/2 



(3.94) 



1 /2 

= DET{iV^4,,(y„a;p; /-iJSzj/"')} - exp {yi^^j, [f , (JEz,,^ ; 3] } ; 



a(=l,2) 

A'j,Er[T.5tD.y-d]^\ TR tr in 



Ic '^^P ^P 



s 



(3.95) 



Similarly, we apply the factorization (j3.86p for the inverted matrix or Green function l^j^^^j°'{yq, Xp) and obtain relations 

J ^ ^ I . 1 1 / J I } . ly . /-I \ lit I . 1 II t f J ii I I »| 1 1 I ir^n.i ."^i 1 1 1 1 i i n- n i.-^ . ' 



(|3.96|3.97p with the new action A'j^_ [T, 5Y.D,y; 3] (|3J7P of the bihnear source fields Jlf^iyq), J^-nixp) 
^N^M'iVq'^p) = T{yq) i^'^ S N~}-.fj^ {yq,Xp-J^'^ ST,D I^^) S r'^ f^^{xp) ; 



(3.96) 



^"The actions A'jj^rp[T, S'S^ ,y; 3\ 1 13. 951 1. A'j [f, ST, £>,)/■, 3] 113.971 1 arc additionally denoted by a prime "' in order to point out the missing 
onc-particle potential parts which have been moved to the background path integral 1 13. 591 1 (Compare Eqs. 1 13. 5713. 601 1 ). 



3.4 Separation of 'hinge' Eelds from BCS pair condensate terms 
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(3.97) 



The defined source field J^.m{^p) l!3.98p in ()3.97p . which also encompasses the coset matrices, fulfills the appropriate 
property p.lOip for hermitian conjugation; this relation p.lOip follows from the properties ()3.99I3.100|) of the coset 
matrices under multiplication with /, I^^ 



{r'f-\xj,)i)j^[^,,{x,) 



M 



exp 



/-I 
/exp 



X{x,) 



i ^ exp 



X{xp) V 



XHxp) 



(3.98) 
(3.99) 

(3.100) 



-xHxp) y -^^w^ 



(3.101) 



In correspondence to Eqs. (|3.94II3.10T|) . one achieves relations p. 10213. 103p where the actions A'j-)^rp [T, (^Ed,]/'; 3] p.95p . 
A'j^\T ,5Y,D^y]2] (I3.97P are derived from the integrations with bihnear, anomalous doubled, anti-commuting Fermi fields 

'^[V'm(2^p) I i'mixp)]. In this manner we have inverted the various steps which have lead from the original path integral to 
the anomalous doubling of quark fields and to the self-energies with densities and additional BCS terms 



X 



(3.102) 



X I d[T-'{xp) dT{xp)] I diSJ^oixp)] "^siSXixp)) X 

ah 

f,M-g,N 



x<]JAUfixp)S±nixp)f-Hxp))_^_ + 2^J;^^^^^^^^^^ 



;(a;K) 



X exp yi^£j,[f,(SEi3,y;3] \ x exp [f,5Ei,,y;a] \ x 



X exp 



a(=l,2) 

- TR tr In 

J (J ^ "^p ' ip 



X exp <! - ^ jd'^Xp d\q jl^Niyq) I ^N^M^iVq^ ^p) I J^;MiXp) 



X / d[f-\xp)df{xp)] [ d[S±Dixp)] ^5{S\{xp)) X / d[i;ljixp),^M{xp)] x 



X 



(3.103) 
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■,(q;k) 



:(F) 



X exp ■ 



X exp 



X exp 



X exp 



c 







^ \ U ~°^D-No-x.No 



2./C 

a(=l,2) 



1 



TR tr In 



J^M^p) - {l-' T-\xp) i J^M'i^pif^ ■ JlfM - (4m.(xp) / f{xp) i-'Y^^ . (3.104) 

We note that the part p.lOSp with the 'hinge' fields ST,]^.^.J^,J{xp), —Sf^jj-N-Mi^p) ^^'^ anti-commuting, anomalous 
doubled Fermi fields does not contribute in the generating functions p.l02l3.103p : therefore, we have accomplished a 
projection onto the BCS related field degrees of freedom with the coset matrices T~^{xp), T{xp)\ it has to be emphasized 
that this operation is not invertible according to standard properties of projections which do not allow the construction 
of any inverses 







(3.105) 



After removal of part (|3.105p from (|3.103p . we can again perform integrations of anomalous doubled Grassmann fields and 
attain the path integral p.l06p with sub-generating function Zj^^ [T] (|3.107p of the BCS related source field J^^jq-Mi^p)- 

The matrix N^.j^[{yq,Xp) remains in the actions ADET\T,y]S\, Aj^\f,'f]2i\ , but without any 'hinge' or block diagonal 
self-energy density degrees of freedom 



= Z 



f{xp); s„, 5B^, h^^\Up,X>p; ^r^; j^-^); Eq. (137591) 



X 



X j d[f-\xp) df{xp)] Zj^jf] ex_p[ADET[f,f-J]} exp{^ylJ^[f,y;a]} 

Zj^jf] = f d[6tD{Xp)]^5{SX{Xp)) X 



:( TT A((f{xp)StD{xp)f-\xp)y'_ 
W4 



- 2 iJ"^'' — — 



a(=l,2) 

ADET[f.f.d] = i TR tr 



In 



(xp) ; 1i^_^_(a;p) ; 6^^^ (xp) ; fa(„.^^)(a:^p) 



d'^Xp dSjq X 



X J^^-N^Vq) l[T{yq) I ^ S N„}^ljf {yq,Xp) S i ^ f ^{Xp) - ^{j^^l'^''{yq,Xp) 1 / J^,m{xp) 



(3.106) 



(3.107) 



(3.108) 
(3.109) 
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The matrix N^.j^{yq,Xp) is further simphfied to the related matrix 0^^.j^(jjq,Xp) which has the equivalent determinant 
P.112p and similar time contour Green function (|3.113p . We define the actions ADETlf.'f; d] (|3.114p . Aj^ [f,f; 3] (|3.115p 
in terms of 0^.^j(t/^, Xp) p.llip with gradient part T^^ 'KT — "K and can finally cease with the effective path integral 
(|3.f 16p which contains the coset matrices for the BCS terms as the only remaining field degrees of freedom. The gauge 
field and quark self-energy density a^^''^\xp) degrees of freedom are incorporated in the averaging with the background 
functional (|3.59p and the sub-generating function Z j [T] (|3.107p 



— SI ^ &'^]^i{yq,Xp) i ] 



J£ + ( T-'%f f -1 / S r^q^J^^Mpl^r^^ s i f V" (y„ Xp) ; 



N:M 



DET 



ADET[f,f;d] = ^ 



DET^O?,%,(y„a;p) 

^ ^N;M (2/9' •^p) ^ ^ ' 

a(=l,2) 

TR ^ tr ^ 

1 

2jc 



In 



In 



^N-AliVqi^p) 



dt^Xp dt^Uq X 



X 



d[f-\xp) df{xp)] Zj^jf] exp{ADET[f,y;d]} cxp {i Aj^[f,f;3]} 



(3.110) 
(3.111) 

(3.112) 
(3.113) 

(3.114) 
(3.115) 

(3.116) 



4 Infinite order gradient expansion to an effective action 

4.1 Separation into path integrals of BCS terms with coset matrices and density related 
parts 

Although we have performed several involved HST's to self-energies and a coset decomposition in section [31 the finally 
obtained, exact relations p. 110113. 116p are remarkable because they indicate a clear separation of the original path integral 
(|2. 15112.321) into a density related part with generating function (|3.59p and into BCS degrees of freedom with coset matrices 
T{xp) — exp{— y(xp) } p. 72113.831) . The composed gauge field Va;fi{xp) ()3.60p appears in both parts of the total path 
integral (I3.116P and replaces the original gauge fields Aa-^[xp) ()2.1ll2.6p with auxiliary real field Sa{xp) for axial gauge 
fixing. One can even prove a gauge invariance between Va-^{xp) and the coset matrices T{xp) = exp{— y(a;p) } of (|3.116p 
in a classical consideration where a chosen gauge condition for the composed field Va;ti{xp) is achieved by adaption of the 
auxiliary real field s-y{xp) with a shift of its value (compare Eq. (|3.60p ). In the quantum mechanical case, we obtain a 
Ward identity of the derived path integral (|3.116p with background field averaging (|3.59p and with projection S onto BCS 
terms in the actions Adet[F ,y;3], Aj^\T,y'\3] (cf appendix IbI) . Although there appears no action of a field strength 
tensor as F^'^{xp) (|2.5p for the composed gauge field V^(a:p), a gauge invariance follows because the change of actions 
with SVl^{xp) in a gauge transformation is compensated by the change of the coset matrices T{xp) — exp{— y(a;p) }. In 
this respect the actions Adet\T ^y]?)], Aj^[T,y;3] of the coset matrices replace the action of a quadratic field strength 
tensor for the composed gauge field. 

According to the separation into density and BCS terms, we split the total path integral J^,, J^^, j^^^] (|3.116p 
into the density related generating function (|3.59p which allows to determine a mean field solution {Va-fj.{xp))cq. ([339}; 
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this assumed particular solution {Va-^{xp))cq. 1 3.59 1 comprises real and imaginary parts where the sign of the imaginary 
values of {Vg-uixy) )i l3759l has to comply with the anti-hermitian '—lip^ terms (|2.27l) for stable propagation of the coset 
matrices T{xp) = exp{— y(a;p) }. This definite, fixed mean field solution {Vg-.ui^v) )i l 3.59 l is inserted into the actions 
■^det\T, (Y) t339i ; 3] , •Aj^,[T, (Y) t339i ; d] , where it enters into the one-particle operators H{xp), H^{xp) or more precisely 
into the anomalous doubled version 3-C{xp) p.87l3.88p 



(4.1) 



d[f-\xp) df{xp)] Zj^jf] exp{ADET[f,rJ]} exp{tAjjf,rJ]} 
f{xp);&'^^\sg,%p,b'^^\Up,i>p;aD;P^;'Eq. (fSTSOl) ] X 



^^classical solution {Vo,;^L{x,,})^jg^ 



cxp| 



1 



a(=l,2) 



ADET[T,{y)^-,3] =^ TR tr (In 

^ i dkc V ^f^"''^^-^^ 

J (J ^ -^p '/p 

■Ajjf,{f)^-J] = \l d%d\ X 

J c 



-In 



\h' a' 



(4.2) 
(4.3) 



^'NiAiiVq^ Xp) 



77 



(4.4) 



VpSIT\ {yq,Xp); 

N;AI 



(4.5) 



The background gauge field V/^(xp) consists of the self-energy field strength tensor &'"c^lu{xp), its derivative and its 
inverse with structure constants Cap^y and additionally of the self-energy quark densities a^^''^\xp) which are dressed by 



the eigenvectors ^p-^^^^^{xp) of the self-energy field strength term Cap-y &a-/i}j{xp) 



di&^i^^'-ixp)] 



[{d^&'^^^^>^{xp)) - s,{xp) 



/J, 



7/3 



(4.6) 



2 ^ F-I3(a) 

(c) = l,..S 
(») = 0,.,3 



d[6i^)'^''(x,);»^^; (a;,);b|f^^^)(x,)] 



(4.7) 
(4.8) 



4.1 Separation into path integrals of BCS terms with coset matrices and density related parts 



37 



(4.9) 



The anomalous doubled one-particle operator "Klxp) contains the composed gauge fields V/^(a:p), ^(xp) or more precisely 
the anomalous doubled version ^^(xp) = 7a Vai^p)^ Vi^p) (SUll) with extended generators Ja of SUc(iVc = 3) which are 
doubled by the transpose in the '22' block. In analogy we double the Dirac gamma matrices /3, 7'^ to their extended 
block diagonal forms 'B''°, Tf^'"-'^ (|4.13p according to the anomalous doubling of Fermi fields 



•^W;Af (^9' ^p) 

H^ixp) 



^NiAli^p) 



p(^pp + if{xp) -lip + m'j ; {ip ^ $ Sp ^ $ T]p s+ ] e+ > 0) ; 

rh — I Ep i-NoxNo i 

f3(^pp + if{xp) -lip + rh 



-{hn -I {pry i-tZ) Ki^p) - ^ (-™) ) - » sp u^.no ; 

/ ^ \ ba / ^ \ ba / ^ 



[Pi 



p 



p^ 



; 'BM 



iPm) 



{P{-m)y 



7" 
70'^ 
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(4.10) 
(4.11) 

(4.12) 

(4.13) 
(4.14) 



•kixp) 



-ti 



■M{xp)^T-aVl^{xp) ■ 

5('Bf^9p,^ + 'B (iy(Xp) + Af)) -ISp i27Vox2]Vo • 



(4.15) 



It remains to expand the actions Adet^T, (V") ((s^gj ; 3] , Aj^\T, (V") ((s^gj ; 3] in terms of the gradient operator N^yC)^^ — 
T~^{'K)^^T — (!K)| |3-59t with mean field solution (V(xp)) {3759! of (|3.59p which is also applied for the anomalous doubled 
propagator (^C)^^^ 

{HN,Mi^p))iam 

{-^N;Mi^p)) i 



(^N;Miyq,Xp)) ^5^^\yq-Xp)r]q5q 
\ I 113.591 



= ^'"'^KVq ~ Xp) Vq Sqp X 



113391 



5 'Br^9p,^ + iSr^T„ (V„;^(a;p))^ + SM -iSp i2Nox2No 



(H^ixp)) 



'p[pp + z{nxp)) 



(ip ^ P £p ^ P rip £+;£+> 0) 



Pr dp,p + * PY L (V^(xp)) ™ +Pm-ieplN 



p(0p + t{y{xp)) 



- lip + rfi 

-{Pr f dp.^. -^iPr f i-tZ) (V£(xp))^ - {P (-m) f-isp i^^xiVo 



'^^N-miVq^ Xp) 



[3:591 



(^(^p))j3i 



3:591 



= S^^HVq - Xp) r]g Sg^ 

= "/3(4 + *(l>(.Tp)), 



(-ffAf;M(a;p))j34 



3:591 



3:591 



t Sr, + m 



{-^N;Mi^p)) 



{ip = P Ep = P rip £+;£+> 0) 



(4.16) 
(4.17) 

(4.18) 

(4.19) 
(4.20) 
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^ / ^ . \ -1 T;-l 



(4.21) 



I £„ 1 



p ^NoxNo 



The relevant path integral (|3.116p is thereby reduced to the relevant actions Adet[T, (^)^jg^]d], Aj^,, \T, (V) {3391 ; 3] 
of coset matrices T{xp) = exp{— ^(xp)} which are combined to the path integral Z[3, J^, J^^; {y') f3jgl ',T] (I4.22p with 
averaged action {Z ^[T]) ^sJq^ for the initial configuration of BCS terms at times tp=± —oo. We neglect the detailed 
phase transition for the creation of coherent BCS terms from incoherent initial conditions which involves a detailed 
dependence of experimental parameters and temperature for the initial configuration of the nucleus; thus we simply set 
an initial configuration at intermediate time > ip=± ^ ~oo by choosing a definite coset matrix T{xp) — exp{— y(a:p) } 



Z[lJ^,.k^;m^-,f] = j d[f-\xp) df(xp)] (Zj^jf]^^ 

X exp{yLz3£T[r,(l>)j^;3]} x exp{i A/^[r, 

4.2 Infinite order gradient expansion of logarithmic and inverted operators 



(4.22) 



The actions AdeAT.I^)^^^]?!], -A [T, (>> ) 1I339J ; 3] (I4.2l4.3p of (14.1114.5^ are transformed to relation (|4:23l) as the re- 
maining path integral of BCS quark pairs within the coset decomposition SO(iVo,iVo) /\]{Nq) (g) U(iVo), {Nq = {Nf = 
2) X 4^ X {Nc = 3) = 24). We abbreviate (|4.23p in terms of anomalous doubled Hilbert space states for the representation of 
coset operators, as e. g. T{xp) — exp{— y(xp) } with coset generator Y{xp) of so(A*'o, Nq) / u(A*'o). (The reader is referred 
to appendix |X] for the important specification of doubled Hilbert space states with linear and anti- linear representations 
following from the dyadic product of anomalous doubled Fermi fields). 

Z[ij^,j^^;(^)^;f]= f d[f-\xp)df{xp)] (Zj^jf]) X (4.23) 



1 



a(=l,2) 



tr 



X exp < - TR 



X exp <; - Jv 



f] I 



f{'k) 



-1 



In [i+(A(3^)j339j+a(T-i,T)j (j{ 
i+(A(M),^+a(f'\f)) (^c)~' 

V / \ / 113.591 



3:59! 

1 -1 

1X591 







if. 





We have already defined the 'relative' gradient operator A(!H) {3759} (I4.24p in (|4.5p : it is determined by the coset ma- 
trix weighted 'T^^ . . .T\ anomalous doubled mean field operator {'K) {3jg[ (see Eq. (|4.ip ) relative to its own eigen- 
value spectrum and basis so that one has to subtract the mean field part (IK)j33gj from the coset matrix weighted 
part T^^ (!K)j339j T. Therefore, we have added and subtracted the anomalous doubled, mean field, one-particle op- 
erator (^C)([3]59j in (0^.^(2/9) 2:p))j339j (|4.4l4.5p so that one obtains in combination with — ln(3i)|[339j and — (M) 
within Adet\T, (V") {3391; 3] (jiT^ and Aj^[f,{y)^^;3] the path integral specified by the operator i 



-1 

X59l 



A(Jt]) j339i (3^)|T5gi (|4.25p . Aside from the source term 3{T ^,T) {^){teq[ (026]), this important operator part simplifies 



13:59 

to the combination T^^ (!K) jxsgl T (!K) 

A(M) 



3391 
-1 
3T59I 



-1 

t3T59l 



(4.24) 
(4.25) 



4.2 Infinite order gradient expansion of logaritlimic and inverted operators 
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3{f-\f) = f-^ i sfijj:fis if 



(4.26) 



However, as we try to reduce the lastly occurring gradient operator combination (|4.25p to lowest order derivatives following 
from f^^ (!K)] 3,59 j f, one has also to take into account the propagation of ( j{) T^^n i which is weighted by f (!K) 7^\q i f^^ 



according to the trace operations in ()4.23|) . If we restrict to gradient operators up to order of four for slowly varying 
coset matrices in (^) i3.59t T of a small momentum expansion ('Derrick's theorem' [13j). one unintentionally causes 
strongly varying fields f (3^)^^gj from the inverse mean field operator (5^)g3gj- One can emphasize this point 
by a gauge transformation of the coset matrix T{xp) — > Tf^{xp) so that the mean field operator (3^) j 3.59 t is altered 
to (!Ktyn) ||3759t consisting only of pure gradient terms without any potential parts as (V) ii339i (compare section |4?3| . In 
addition we alternatively suggest the exponential integral representations of the logarithm (|4.27[) and of the inverse (|4.28p 
for the operator Dg (I4.29[) so that one obtains a meaningful expansion and convergence with 1/n! instead of the reciprocal 
integer numbers of a logarithmic expansion [14j 



(InD) 



exp{-u i} - exp{-v£)} 
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+ 00 



dv exp{— D} 



l + {^{'k)^ + ^{f-\f)) I'k 



3391 

-1 



(4.27) 
(4.28) 
(4.29) 



into the path integral (|4.23p with 'relative' gradient operator and source 



In consequence one inserts Eqs. 
term (I4.24ll4.26p so that we achieve for the actions ADET[f,(^)^;m;'S\, .A j [T, (^ ) jgjgj ; 3] (|4.2l4.3p in (I4.23l4.22p the 



exponential integral representations (|4.30l4.3ip with integration variable v G [0,00) 
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I f] 



-1 
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J,/ 



f-^ if] 



(4.31) 



J 4,) + 



As one applies relations (|4.24l4.25p for the 'relative' gradient operator A(!K) J3-59I in the case of a vanishing source 
term 3{T~-^,T), we accomplish the exponential integral representations (I4.32l4.33p for Adet[T, (V) jxsgi ; 3 = 0] and for 
A J,,, [T, (V) ii339i i 3 = 0] with the exponent of the already described and composed operator f^^ (3^) {339! f {K)^^gv 



(|4.25p . Since the latter operator has neither a valid small, nor large momentum expansion, the exponentials in (|4.32l4.33p 
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give a meaningful representation for the previous form (|4.2l4.3p of actions within (|4.1l4.4p or for (|4.23p with 'relative' 
gradients (|4.24l4.25p 



(4.32) 



2 7o 



+00 



a(=l,2) 

dv TR 



it 



exp{-.i}-exp -.r-i(M) r(jc) 



iAjjT,{f)^-d^O] 
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Jii 



f^Ii-K) If] 



(4.33) 



The representations (|4.32|4.33p for the actions Adet^T, (V") {3391 ; 3 = 0], Aj^[T, (V") {339} ; 3 = 0] allow a straightforward 
calculation of observables, especially after a gauge transformation to pure gradient terms ~^ (^2rr)ll]l9)' -^(^p) ^ 

T^(a;p). In order to compute correlation functions, we consider again the operator Dg (|4.34p . but under inclusion of the 
source term 3(T~^, T). One can track one-point or two-point correlation functions of the original Grassmann- valued fields 
ipAiixp) in the orginal QCD-type path integral (|2. 25112. 27)) by subsequent differentiation of 3/^.^/(2/?) ^p) (12.22112.2^ to 
the corresponding observables in terms of the coset matrices from the actions Adet[T, (V)i i339i ; 3], Aj^[T, (V)i i339i ; 3]. 
Therefore, we perform variations ^gj-^rg 1) (|4.35p . <5g(arg2) (I4.36P of the particular operator Dg (|4.34p with arguments 
'(arg.l)', '(arg.2)' (|4.37|4.38p for one-point and two-point correlation functions, respectively 
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(4.35) 

(4.36) 

(4.37) 
(4.38) 



Suitable integral representations are used for the variation of the logarithmic and inverted operators of D which are 
transformed to exponential integral representations for a meaningful expansion and convergence according to the 1 / n\ 
reciprocal factorials [T^ 



(5(lnD) 
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J du dvi dv2 exp{— u(ui -I- U2)} ^ exp{— ui D} ((5D) exp{— U2 6}^ ; 
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(4.39) 
(4.40) 
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4.2 Infinite order gradient expansion of logaritlimic and inverted operators 
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As we consider the rather involved appearing, first order variation (^g^^rg i) (14.3514. 37p of Adet\T, (Y) jg^gi ; 3] and of 
Aj^[T, (y')^^jg^;d], we finally attain the one-point observable (|4.45p from (|4.43l4.44p which is mainly determined by 
exponential integrals of the operator T^^ (3^) i3.59t T (3^^)g3gj (|4.25|) having neither a valid small nor large momentum 
expansion. It has to be noted that relation (j4.45p comprises anomalous parts as {4'N{yq) tpAiixp)) with b = 2, a = 1 and 
as well density terms as (tp'^iyq) ipAiixp)) by choosing the anomalous indices 6 = 1, a = 1. As one neglects the functional 
(Zj^^ [r])j339j by taking appropriate initial conditions for T{xp), one can accomplish the rather involved appearing path 
integral l|4.45p for the one-point correlation function which becomes more accessible by transforming to the eigenbasis of 
(^) il 3.59 l • This is in particular applicable for the bulk of the nucleus where surface effects are negligible and where the 
mean field potential (y)i i 3.59 t is expected to have a constant value. However, surface effects can additionally be taken into 
account by appropriate Ward identities for the coset decomposition (cf appendix IB|) 
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\ 1 ll339l 



\['J^''(yq) ^'^(a^p)) the following path integral in terms of BCS quark pairs within the coset generator Y(xp) of the coset 



Referring to the original QCD-type path integral with relations (|2. 22112. 27|) . we obtain for the one-point correlation 
(*j^''(y,) ^^l,(xp)) the following 
matrices T(xp) = exp{— F(xp) } 

-\l^Wyq)^li(xp))= I d\f-\xp)df{xp)\ (Zj^jT])_x (4.45) 
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Eventually, we also state the second order variations 5. 



a(arg.2)"3(arg.l) 



of Adet[T., 



3] and A.,,, [T, 1 



two-point correlations so that it becomes possible to compute e. g. eigenvalue correlations of nuclei 
60 



t339i;31 for 
(4.46) 
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+ 
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z ( (^'^:iyif) ^ZMpM'^N^iyil') nki4\')) + (^'^:(y'^') n^MpJ) ^'N.'iyil') nM\') 



This straightforward, but involved appearing second order variation (|4.46p of the source term 3{f ^,f) (I4.26P results 
into relation (|4.47p for the two-point correlator which also considerably simplifies through the transformation from the 
coordinate spacetime representation of T{xp) to the eigenbasis of the mean field operator (J-C) , 1 3,59 1 with mean field 
potential (y')t339t 



A I d[T-\x,) dfi.,)] {ZjjT]) X 
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4.3 Gauge transformation to the interaction representation of pure gradient terms 
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4.3 Gauge transformation to the interaction representation of pure gradient terms 

The gradient term /^''^.j^{yq,Xp) (|4.5l4.24p depends on the detailed mean field potential (jf{xp))^^ as the appropriate 

interaction; however, we can perform a gradient expansion of ADET[r, (f) jX59t i d] (|4.2p . Aj^[T, (^);3] (|4.3p with 'uni- 
versal properties'' by changing to the 'interaction representation' I|4.48l4.49p of the coset matrices. We assume general, 
complex- and even- valued, block diagonal matrices 2IJ^^x^^(a:p), 2IJ^^'^^^^(a;p) for this transformation so that the matrix 
T^{xp) (|4.48p follows from T"''(xp) in the 'interaction representation' by choosing a suitable dependence of SHJ^^^jy^ (xp), 
^A'oxAfo(^p) '^^ potential (^ixp))^jg^. Since the '22' part '^^(xp)' is given as the transpose of the '11' part 
'(Ji^ (xp) )-^' (|4.50I4.51|) . one has to require relations (|4. 52114. 54)) where we introduce a general, complex- and even-valued 
generator n>NoxNo{xp) (|4.54p for the block diagonal transformation with W^j^^^j^^{xp), Snj^J^ jVo (-^p) 



f^\xp) 


f^{xp) - OT-i^'^"(xp) f'^\xp) W'\xp) ■ 


(4.48) 


f-^-'''\xp) 


- T^^'^'i^p) = ^-'-'''''{xp) f-'-'''\xp) W'\xp) ■ 
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= iegixp) =^ W'^ixp) = {w-'-'\xp)Y ; 


(4.51) 


W^\xp) 


= exp {rb(a;p)} ; 2IJ"'"^(a;p) = exp { - rb(a;p)} ; 


(4.52) 


W'^^xp) 


= exp { - tti'^(xp)} ; W^^'-^{xp) = cxp {iT)^(xp)} ; 


(4.53) 


X0{Xp) 


:= tDjVf) X Affl (^p) £ Ceven • 


(4.54) 



The suitable choice of gauge (j4.55p for exp{rb(xp)} is determined in such a dependence on the potential (f{xp))^jg^ 
and mass term that the interaction representation Oi.'^{xp) reduces to the contour spacetime gradients ^p,^ which are 
dressed by the matrices exp{±n)NoxNo{xp)}, exp{±n)Jf^y,j^^{xp)} aside from the gamma matrices /3, 7'^. (Note that one 

has to distinguish between saturated derivatives, as e.g. {dp^pT{xp)), and unsaturated gradient operators dp^^ (typed 
in boldface) acting further to the right or left beyond the coset matrices!). Therefore, one finds for the interaction 
representation of ^^(xp), in which the potential (f^{xp)) and mass fh are removed by the chosen gauge (|4.55p . the 
simplified relations (|4.56l4.57p 



{^{nxp)) 



•^r^{Xp) 



"^t^iXp) 



ipexp {ti)(xp)} j exp{ - <m{xp)] ; 
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exp { - tt)(xp)} /3 7'' exp {'m{xp)) dp,^ 



I e„ 1 



p ^NqXNo : 



^^iiixp)) = exp {tT)^(xp)} H^ixp) exp { - rb'^(xp)} 
= -9p,^cxp {ni'^(a;p)} (^7'')^ exp { - w'^ {xp)} - i Sp InoxNo 



(4.55) 
(4.56) 

(4.57) 
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4 INFINITE ORDER GRADIENT EXPANSION TO AN EFFECTIVE ACTION 



The successive definitions and steps (j4.5^ 



for tlie interaction picture of Dirac gamma matrices lead to anoma- 
lous doubled, block diagonal matrices 23^(a;p), r^""(a;p) which fulfill the identical Clifford algebra for 3+1 spacetime 
dimensions despite of their local spacetime dependence 



ro(a:p) \ / \ / gro(2;p) 



(/3 



7^^ 



-ro^(2;p) 



(4.58) 
(4.59) 

(4.60) 

(4.61) 
(4.62) 



Application of ()4.58M.62|) with the chosen gauge ()4.55p reduces the anomalous doubled, one-particle Hamiltonian to pure 
gradient terms ()4.63p with locally transformed gamma matrices in the interaction picture for T^{xp). The anomalous 

doubled, one-particle Hamiltonian or contour spacetime gradient ^^{xp) Ij4.63p is further decomposed into commutator 
and anti-commutator parts (|4. 64114. 66| with spacetime dependent gamma matrices; in consequence one eventually at- 
tains the Hamiltonian ^t^(xp) (I4.67P of the interaction representation with unsaturated gradients dp^fj,' and saturated 



derivatives idp^p'B'^{xp) r'^°'{xp) ) of gamma matrices 



3^fjjj(a^p) 



+ 



\tj.,ii 
w 



-dp,^ 'B^(a;p) t^^{xp) -iSp Itvoxtvo 



—I Sp l2Arox2Aro + 

1^ [^^(^p)r^"(^p)'^p,M]. 
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-I- 



(4.63) 
(4.64) 



-{dp.,'B^^{xp) f^""(xp)); 

2 S^(xp) f ^""(xp) + (ap,.^i(^p) f ^""(^p)) 



(4.65) 
(4.66) 



W2j,(xp) = ^zsp i2iv„x2M, - ^ '^afc (5p,pS^(:rp) f^'^'^(a;p)) + ^ ^ 5afc (5p.pS^(a;p) f^""(a;p)) + (4.67) 



+ <S,,^S^(xp)f^'^'^(xp)9p,^ 



The change to the interaction picture transforms the generating function p. 110113. 116p with T{xp) to the corresponding 
path integral Z[2^, ^^rw^ J^xp] (|4.68p with colour-dressed source terms J^.<^, Stjjj and coset matrices Tf^{xp) 



Z[^w^J^-0j^A = j d[f-\xp)df{xp)] {Zj^^[wf^W-']) 
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(4.68) 



(4.69) 



4.4 Green functions of gauge transformed gradient terms in gradually varying background fields 
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(4.70) 



(4.71) 
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It has to be pointed out that the transformation to the interaction picture cannot be incorporated into the coset integration 
measure d\T~^{xp) dT{xp)] =^ d[T^(xp) dTf^{xp)] because the generator, determined by the saddle point approximation 

of (y(xp)) j3759l ) consists of a general, complex- valued matrix tON^xNoi^p) instead of the necessarily hermitian generator 
Gd;NoxNo{xp) for the diagonalizing matrices -P^"xWo(^p)' hermitian-conjugation symmetry between X{xp), X^{xp) 
as sub-generators of Y{xp) does not persist in the interaction picture with Yf^{xp) = W^^{xp) Y{xp) W{xp) because of 
{X^{xp) y 7^ {X^{xp) ) due to the completely arbitray complex matrix structure of KiNoxNoixp) (only restricted by the 
'—lip' term). As we specify the operators in ADET[T^;d^ = 0], -^j^.j^ [^gj; 3^ = 0] in correspondence to section 
we obtain the combination ^ffg ^hj pure gradients terms and also the inverse weig 

lit ^OT^ due to the trace 

operations. Thus, the transformation to the interaction picture points out the problem of finite order gradients, having 
neither a small nor large momentum expansion 
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(4.73) 



{J^\vi[l ^dv r2i,:H;Ti exp{-«r7iac2i,f^^c-^}f^i-^c-^^^ 



4.4 Green functions of gauge transformed gradient terms in gradually varying back- 
ground fields 

The change to the interaction picture transforms the generating function p. 110113. 116p with T{xp) to the corresponding 
path integral Z[3ffg, J^.t^, Jtj)^] (|4.74p with colour-dressed source terms J^.t^, dsfg and coset matrices Tf^{xp) 
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(4.75) 
(4.76) 
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X IT 
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+ '^w - ^w) + (4-77) 
+ I ^ % 2U^'>i iVq) ^7 ^A-h-Ai'M VpS IT^'f {yq,Xp) . 

■'^ J N;M 

According to Derrick's theorem ,13], a consistent gradient expansion requires terms up to the order of four for stable, 
static energy configurations and also the assumption of slowly varying spacetime dependent background fields as (^(xp)). 
We therefore neglect the 'saturated' derivatives (|4.78p of slowly varying gamma matrices in ^(^{xp) (|4.63l4.64p so that 
the approximated gradient term AK^ ^^^^{yq, Xp) ()4.79p follows in place of the original defined one 
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The completely labeled gradient term ^ ^^Vq^ ^v) (HZZH) is abbreviated by Eq. (|4.80p with assumed constant, block 



diagonal gamma matrices 7^"" 



^W^Vq^Xp) « S^'^Xyq-Xp) 



Vq 



(4.80) 



an 'an 



Proceeding as in chapter 4 of TT], one has to determine the anomalous-doubled time contour Green function G^") = 
p{^{xp)]^^ (|4.82p with the transpose of the '11' block extended to the '22' block 



"K^ixp) w S (3'^ T-^"" dp^fj, - I Ep 12^0X2^0 ; 



i(0) 



(4.81) 
(4.82) 



In compliance with the interaction picture, one has to calculate relations (|4.83l4.84p for g^pp.]^,j, [5*'"'']^ ^// with colour- 
dressed gamma matrices but which fulfill the identical Clifford algebra as the original untransformed matrices /3, 7'^ 

-1 



.(0) 
g,n,s;f,m,r 



-1 g.n,s\j ,m,r 
o22 -«-22 a 1 ^ 



g,n,s;f,m,r 



(4.83) 
(4.84) 



We use the overview of the anomalous-doubled Hilbert space, summarized in appendix[Al and the definitions and notations 
of chapter 4 in [TT] so that the 'anti- unitary', 'anti-linear' '22' states accompany as extensions the original states in the 
'11' block. One therefore gains the Green functions (|4.85l4.86p which can be combined into the anomalous-doubled one 

{xp \G^°'\yp) (|4.87p with the anomalous-doubled states (xp \, \yp) fcf appendix 
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4.4 Green functions of gauge transformed gradient terms in gradually varying background fields 
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(4.86) 



(4.87) 



we include the generalized contour Heaviside function Op{x'l 



Since we consider time contour Green functions 
Up) (14.88P and also obtain the standard relation (|4.89p of non-equilibrium Green functions [53]. Relation (|4.89p incorporates 
the time ordering of fields and operators in the path integral (|4. 74114. 77)1 according to the time contour integrals with 
forward and backward propagation 
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(4.88) 
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(4.89) 



Corresponding to the interaction picture, the Green functions 



are specialized onto the massless case of the 



standard Feynman propagator so that the chirality decouples into conserved helicity states as being 'exact' quantum 
numbers. (An observer of an arbitrary inertial system cannot 'overrun' the dressed massless BCS-states in the coset 

c — j7| ) ' so that the internal angular momentum 



matrices T^\x 



T^{xp) travelhng on the hght-cone ^S{\Xp 



cannot be projected onto the opposite momentum direction for a different helicity !). The anomalous-doubled Green 
function for the massles case (|4.87l) consists of two time contour Heaviside functions (|4.88p Op{Xp — y^), 9p{yp — Xp) on the 
hght-cone 'S{\xp — yp\ — \x — y\ )' which result into opposite time contour propagations r]p(xp — yp) > 0, r]p{yp — Xp) > 
(in the 'contour sense') concerning the '11' and '22' density blocks. Therefore, we separate the anomalous-doubled, time 
contour step functions from {xp '\yp) and introduce the Green function 'operator' {xp '\yp) acting onto the 
anomalous-doubled, time contour Heaviside function Qp'^{xp — yp) 



X ,oa^M,aa d ^ \ Sj^^-JJ^-jx^ ( Opix^-y^p) 
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(4.91) 
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The anomalous-doubled Heaviside or time contour step function 0p''(xp — y^) restricts the possible terms in the gradient 
expansion of the action ADET\T^]df^] (|4.75p because the trace operations in (|4.75p also involve the contour extended 
traces of spacetime; in consequence one obtains as the remaining terms in the gradient expansion of Adet\T^; (|4.75p 
only those in which the anomalous-doubled, time contour step functions Qp°'{x^ — y^) do not result into contradictory 
propagations concerning the time contour extended ordering of gradient terms /^f^{xp) (|4.80[) (e.g. Qp'^{x^ — yp) ■ 
Qp°'{yp — x^) = !). This restriction of terms is missing in the case of the gradient expansion of the action Aj^ ^ I^aj! ^sro] 
(j4.76p . In continuation of principles for a gradient expansion, we state that an anomalous-doubled field ^'^^(a;p) propagates 

with the block diagonal, doubled Green function {xp >\yq) 

6( = 1,2) 



a(=l,2) 
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{Xp) 
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l'^M;Arl%) 



'4'Niyq) 
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(4.93) 
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This principle has to be used in the expansion of Aj^ I-^aiJ' ^aij] 6311) where one starts to propagate with the source field 

J^-Mii^p) the right-hand side of the action for a BEC wavefunction. It replaces the wavefunction ^'^(yg) in (|4.93p . 

However, the propagation of fields with (|4.93p is not directly applicable for the action ADET[Ttfg;3sfg] (|4.75p because of 
the cyclic invariance of traces, both of the internal state spaces tr^^ ^(^) ^ and the Hilbert state trace of doubled quantum 

mechanics. 



5 Derivation of a nontrivial topology and the chiral anomaly 

5.1 Comparison to the Skyrme model with homotopy group n3(SU(2)) = Z 

The derived actions ADET[T,y;d], Aj^[T,y;d] (|3. 110113. 116p consist of coset matrices T{xp) = exp{— y(a;p)} whose 
manifold is determined by the coset space SO{No,Nq) /U(iVo) with iVo = {Nf = 2) x 4^ x {Nc = 3) = 24. Therefore, 
the question arises in comparison to effective nucleon models as the SUl(2) ® SU_r(2) / SUy (2) chiral Skyrme Lagrangian 
whether the mapping from 3(+l) spacetime to the SO(A*'o, -/Vq) / U(A'o) coset space also allows for a nontrivial homotopic 
classification of BCS terms within the su(A^07^o) /u(A^o) coset generator V\ 

Since the so-called 'tr-field' (T{xp) of the original 'cr-model' has turned out to be dependent on the other three pion 
fields ■n{xp) — (7ri(xp) , T:2{xp) , T^z{xp) ) as a two pion resonance, one has to introduce the nonlinear condition 

( cr(Xp) )^ 7f(xp) • 7f(a;p) = 1 , (5.1) 

in order to remove the non-physical, dependent a{xp) field degree of freedom from an effective Lagrangian. The nonlinear 
restriction (jS.ip is analogous to the four dimensional x ■ x— (x")^, SO (3,1) Lorentz symmetry, but within the 'internal 
isospin space' which gives rise to the chiral symmetry SUl(2) (g) SUi^(2) for an appropriate effective Lagrangian in the 
massless case. A suitable Lagrangian, which incorporates the nonlinear restriction for only three independent fields, is 
given by the Skyrme Lagrangian which only comprises quadratic and quartic derivatives of axial SU^(2) isospin matrices 
U{xp) corresponding to stable, static energy configurations in 3-1-1 spacetime dimensions (compare |171I18[[T^ concerning 
the original Skyrme model with Lagrangian (|5.4p and 'Derrick's theorem' [T3] for stable, static energy configurations in 
the 3(-f 1) spacetime) 

(j{xp) = exp{if- 0{xp)] ; U\xp) U(xp) = i ; (5.2) 
L^,{xp) = il^Xp) {dp^f,U{xp)) ; (5.3) 



Skyrme 



^ ix(^Lp{xp)L'^{xp))+^ix(^[L^^ixp),L''{xp)]^[L,{xp),L^^^ ; (5.4) 



/tt = 'pion decay constant' ; e = 'dimensionless constant' for size of Skyrmion ; (5.5) 
T = 'isospin Pauli matrices' . 

The axial SUyi(2) isospin matrices U{xp) = exp{i r • ip(xp)} include the nonlinear restriction (j5.ip due to the reduction 
to three independent, internal angle field degrees of freedom ^{xp) — {ipi{xp) , ip2{xp) , ip3{xp)). The SUyi(2) isospin 
matrices U{xp) determine the four dependent isospin fields (cr(xp) , Tf{xp) ) 



U{xp) = exp{iT ■ (p{xp)} — (T{xp) + I Tf{xp) ; (5.6) 

\0{Xp)\ 



a{xp) = 12x2 • cos (|^(a;p)|) ; Tr{xp) = t ■ f}.^'']. ■ sin (|i^(a:p)|) ; 



\'0ixp)\ = ^ ipl{xp) + ifilixp) + iflixp) , 



and give rise to the homotopic classification n3(SU(2) ) = Z for topological solitons following from the mapping of the 
compactified three dimensional coordinate space to the internal SU(2) ~ S'^ isospin space or sphere. This homotopic 



^^The isospin chiral symmetry SUl(2) ® SUi{(2) is spontaneously broken by the vector isospin invariance SUv(2) of the vacuum states with 
the appearance of three massless pseudoscalar Nambu-Goldstone bosons or the pions nOixp), TT^{xp) [26]|27]. 



5.2 Instantons of BCS terms from the Hopf mapping 113(5'^) = Z and the Hopf invariant 
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classification 113(811(2) ) = Z with nontrivial winding numbers is completely independent from the Skyrme Lagrangian 
(|5.2ll5.5p with the quadratic and quartic derivatives of the SUyi(2) isospin matrices U{xp). The zero component i?° of the 
integrated, topological current density B^{xp), corresponding to 113(811(2) ) = Z, is assigned to the Baryon number for 
the prevailing SUy!i(2) isospin field configuration U{xp) 



{dp^^B^^ixp)) 
B° 



24 7r2 
0; 



tr 

Nt 



Li/{xp) Lf^[xp) L\(xp 



R3 



d^x B^{xp) — > Baryon number 



(5.7) 
(5.8) 
(5.9) 



However, this interpretation and the conserved topological current {dp,f^B'^{xp) ) = as a Baryon current is completely 
independent from the Skyrme Lagrangian and is argued to occur as an extension of QCD in the large Nc limit (SU(-/Vc 
oo)) of colour degrees of freedom [28l [29l [30]. This causes the question whether the presented approach of previous 
sections with fixed SIJ c{Nc — 3) colour symmetry also contains nontrivial topologies within the derived effective actions 



A 



DET 



3], Aj^,, \T, (V)i i339i ; 3] of coset matrices and generators T{xp) = exp{— ^^(xp) } with anti-symmetric, 



even-valued BCS quark pairs X^-Mixp), ^N-A-ii^p) P-72II3.781) . 

5.2 Instantons of BCS terms from the Hopf mapping 113(5'^) = Z and the Hopf invariant 

The anti-symmetric, even-valued BCS terms Xi\f-M{xp), xj^.^^(xp) are given by a non-compact, internal manifold 
with 'hyperbolic' trigonometric functions and allow to achieve a classification of 'instantons' from the derived actions 



A 



DET 



3], AjJT, 



; 3] instead of the topological solitons as in the Skyrme model. Furthermore, we 



recognize that the eigenvalues, as the crucial elements oi Xpf-^Mixp), xl^.j^,j{xp), are determined by the quaternion- valued, 
complex field variables fjj{xp) (| 3. 74113.78]) with anti-symmetric Pauli matrix {T2)gf of isospin space. Therefore, one can 
only accomplish a mapping from the compactified three dimensional coordinate space x to two independent, real field 
degrees of freedom within the internal isospin space; in consequence, a valid classification according to the Hopf fibration 
113(8^) = Z may be expected for the mapping from the compactified three dimensional coordinate space to the com- 
plex, quaternionic eigenvalues with anti-symmetric Pauli- matrix (T)g/. We also anticipate a Hopf classification following 
from Hg2,i-i(S") with n = 4 (instead of n 2 as for the eigenvalues) because the diagonalizing, eigenvector matrices 
P^oxNoi^p) P-79II3.85]) of Xpf-^Mixp), xl^.]^j{xp) are specified by four complex-valued fields for the four independent 
quaternions with 2x2 Pauli-matrices (tq , f) as the basic entries along the off-diagonal matrix elements of Sjj- 



However, it is questionable whether an additional Hopf fibration of Hsi5(S**) (or n = 8) can be realized 
in our model of coset matrices T{xp) with BCS terms because this involves 'octonions' instead of quaternions so that 
associativity is not preserved. 

We verify the assumption of a valid Hopf mapping H3(S^) = Z from the three dimensional coordinate space to an 
anti-symmetric, complex eigenvalue matrix (T2)g/ with fields fj,{xp) {r ~ 1, . . . , Nc = 3) , {f^{xp) G Ceven) 

XNaiiXp) = Xg-^.jjj{Xp) = {T2)gf JriXp) Sj^.JY = (^"2)9/ 7r{Xp) Ssr Snni , (5.10) 

by using the axial current relation of quark fields with the chiral anomaly (cf. the derivation in appendix [C]) 



dp,^{rpixp) 75 to ■0(a;p) 



16 7r2 



tr 

Nf,N^ 



jl(^p) 75 to i'ixp) - ^Hxp) 75 to j^(Xp) + - 



i^Hxp){ji,'^{xp) 75 1*0 

"^Hyq^Xp) 3{yq,Xp 



-75 ioji,i,ixp)]iJ*ixp) 
75 to 



-75 tS 



^(Xp 



to Ff^xixp) F^t,{xp) + ipixp) 75 {to , rh]^ tp{xp) + 

'^'^ {Xp){j]p^{Xp) 75 to -I- 75 '^^l i]p^{Xp)^'4>{,Xp) + 

I [ d%x (5.11) 

^\xp)( -^5^° )3{xp,y,)^{y,) 



75 t J 
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5 DERIVATION OF A NONTRIVIAL TOPOLOGY AND THE CHIRAL ANOMALY 



We have included the various source fields of yi5[3, J^, J^^,)^'^^ (|2.22p and a finite mass term m within the axial symmetry 
variations of the original QCD-type path integral (|2. 25112. 27|) with the constant, hcrmitian isospin matrix (to)g/. As one 
performs the zero-mass limit to — > for vanishing source fields, the two chiral states decouple and result into conserved 
helicity states of massless fermions moving on the light-cone so that their projection of spin onto the momentum cannot 
be overrun by other observers for a different helicity and becomes conserved. However, this axial current relation also 
contains the chiral anomaly (Adler-Bell-Jackiw anomaly, first term on the right-hand side of (|5.1ip ) apart from the 
symmetry violating mass and source field terms. This anomaly is obtained from the calculation of the Jacobian for quark 
fields under an axial chiral transformation with a gauge invariant cut-off regulator [311 [32l [33j . This chiral anomaly has 
nontrivial instanton numbers and can also be rewritten in terms of a conserved Chern-Simons current K^[xp) 



{Ni e Z , instanton number) 



——^ / d% it 

32 TT^ AT, 



{dp.^^K^{xp)) = -^-^{^P.f^^^ A^i^p) (9p,k^a(^p)) - -IT ^^(-^p) ^k(xp) Ax{xp) 



32 7r2 AT, 



-^fii^i.'^p^ -^k-a('^p) 



(5.12) 
(5.13) 



If we multiply (|5.1ip by the factor one-half for a spin 'i ?i' angular momentum and perform the four dimensional spacetime 
integration in the massless limit with vanishing source fields, one attains on the right-hand side the integer instanton 
numbers and on the left-hand side the integrated, zero-helicity component for vanishing current densities at spatial infinity 
from the Gaussian integration law 



d^x ?/'^(xp)/3-7°75toV'(a;p) 



x"=+oc 



[N] E Z , instanton number) • {Nf — 2) 



(5.14) 



The last, integrated relation (j5.14p of a conserved helicity number is therefore quantized according to the instanton 
numbers from the chiral anomaly. (Eq. (|5.14p contains two isospin degrees of freedom {Nf = 2) with isospin unit matrix 



(to)ff/ = (12x2)9/ )• Since we derive the Hopf invariant (1/527.-1) ^ L; 



A {dujn-i) {n = 2) from relation (|5.14p by 



suitable differentiation of the transformed path integrals with respect to the source field 3/^.jv,/(2/g' the derived Hopf 
invariant (for the massless case) classifies the prevailing field configuration of the coset matrix T{xp) with ECS terms 
according to their content as a conserved, integrated helicity number. 

In consequence, one has to transform relation (|5.14p to terms of coset matrices T{xp) and has to find a Hopf invariant 



1-1 



^1 A (dtdn-i) [n = 2) of a one-form uji{xp) within the actions Adet\T, (V) JaJgJ ; 3] , Aj^ [T, 



13:591 



for the specified eigenvalue sort {T2)gf fri^p) ^W-U coset generator Xn;m{xp) (r = 1, . . . , iVc = 3). We apply the 

particular representation of Dirac gamma matrices of [20j 



/3 = 



1 



2x2 



; 7" = 7 = -« 



a 

-a 



; 75 = -i 7 7 7 7 



l2x2 







'l2x2 



(5.15) 



and perform an anomalous doubling of quark fields ipM{xp) '^%[(xp) = {ipM{xp) , iptiixp)} with anomalous doubled 
'Gamma' matrices 23, r**, Fs for the left-hand side of the original, axial current relation (|5.1ip with the chiral anomaly 



(dp^f.ip^Xp) $ Y 75 to ■0(a;p)) = ^ dp^. 




13 




^^^\xp) S 



(3r% 





(^sf^ t^y^' ^^ixp)(g>¥'''ixp) 




/?7^ 

0ry 



(5.16) 



75 
(75^ - 75) 



(5.17) 



5.2 Instantons of BCS terms from the Hopf mapping 113(5'^) = Z and the Hopf invariant 
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The scalar product of anomalous doubled quark fields is converted to a dyadic product in an anomalous doubled, 'internal 
space' trace relation so that we can relate the dyadic product of doubled quark fields to the anomalous doubled self- 
energy matrix. Furthermore, we can track the scalar or dyadic product of quark fields in (|5.16p by differentiation of the 
generating functions with respect to the source &m-m{^pt^p) *o corresponding terms of coset matrices; thus, the axial 
current relation of the original quark fields is transformed to a relation determined by coset matrices within the path 
integral (|3. 110113. 1161) 



1 



,a(=l,2) 
•a 



, a( = l,2) 



(5 S f'' f 5) 



ba 



d 



ba 



N:M 



(5.18) 



Z[3, J^, J%i)%i)i ]''^\ 



We restrict to the 'interaction representation' of the action ^dbt [T'jjj ; 3] of the determinant and neglect terms from 
Aj^[Tf^;3] having arbitrary-valued, anti-commuting source fields Jji,{xp). This allows to extract a third order derivative 
term of AK^T^^ ,T^) = IK^jj — from Adet[T^; d] by differentiation with respect to d'^-M^^p^ ^p) 

(5.19) 



X exp \^ADET[f^; 3^ = 0]+ I Aj^^^ [f^; 3^ = 0] } x 



X exp 



a(=l,2) 

TR 



W 



d[f-\xp)df(xp)] {Zj^jWf^W-']) X 
X exp[ADET[f^;2<fo = ^]+^^J^.,jT^-^3^ = 0]} 



a(=l,2 

TR tr 

Ic "^^P ^P 



Af 



'-aUV-'giJ ' 2D'' 



an 



This yields following equation of the axial current in terms of BCS quark pairs instead of the original anti-commuting 
fields 



, a(=l,2) 

2r 



dp,ti{i^Hxp) Y 75 to 'ipi.Xp)^ = 

'm{xp)sif^{xp) (x,\'k^{m^f^\f^) 



(5 S f 5) 



N:M 



(5.20) 



M:N 



The 'interaction transformed' mean field operator (|4.55M.57|) of the propagation and the 'relative' gradient operator 



Aj{2j,(r7^^, Tjjjj) are considered for the bulk of a nucleus so that we can approximate all 'interaction transformed' Dirac 
gamma matrices 'Bsgj, T^, Fg ^ij with their original matrices apart from a constant similarity transformation. According 
to our ansatz 



2»' air' 5,2» 

for T{xp), the coset matrix is also not effected by the transformation to the 'interaction picture' 
because the transforming block diagonal matrices W^.^j{xp) need not be considered for constant similarity transforma- 
tions in the bulk of a nucleus and decouple from the isospin space with indices 'g, /' for vanishing mass term rfi —t Q 
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5 DERIVATION OF A NONTRIVIAL TOPOLOGY AND THE CHIRAL ANOMALY 



(compare 



^-1 

f-i 2 5 a 



f<^{xp) — exp I Y^{xp)^ ; Yf^{xp) 



X'^{^p) 



T^{xp) ^ To{xp) = exp 



Nc^'3) 



(5.21) 

(5.22) 
(5.23) 
(5.24) 



We introduce the anomalous doubled, diagonal spin matrices S'^ (fc — 1,2,3) instead of the ordinary Pauli spin matrices 
through inclusion of the Dirac gamma matrix Fs 



V 11 



V 



(5.25) 



and substitute this into the spacetime integrated, zero component of the axial current relation (I5.20|) for vanishing spatial 
current densities at the surface of the considered three volume. Since the block diagonal, anomalous doubled spin matrices 
S*^ ()5.25|) commute with the coset matrix Ta{xp) of the internal isospin and colour degrees of freedom, the total trace 
Tr°*'~,^(^) jv separates into a trace of Dirac gamma matrices and a trace of anomalous doubled isospin and colour degrees 
of freedom for the coset matrix (I5.26l5.27p : furthermore, we point out the trace tr„^ over the completely diagonal 'colour' 
terms with r = 1, iVc = 3 of f^{xp). Since one also performs the trace over colour and isospin degrees of freedom, 
the integrated zero component of the helicity instanton number can only refer to field configurations of 'nucleons in its 
entity'; one can thereby classify the total number of nucleons in a field configuration composed of coset matrices T{xp) 
by the derived helicity instanton number. As we act with the operator dp^j of 25 5 dp^j for creating the curl of 
T~^ H ST'^ (dp.kT) in relation (I5.20|) in order to extract a Hopf invariant of n3(SU(2) ) = Z, one retains a single remaining 
combination and has also to mind the summation over the different fields f ^(xp) following from the trace over completely 
diagonal colour degrees of freedom 



+00 



rf% dp^^,{%lj\xp) /3 75 to '0(a;p)) = / (f'x i^^Xp) /3 7° 75 -^(xp) 



x"=+oo 



(5.26) 



= -2 



a(=l,2) 

d^x 2r 



■B s r fs S P f 5 S f f 5 X 



X T 



-\xp) S {dp,,f{xp)) (S dp,j f-\xp) S (dp^kfixp))) 



it 



3pO 3f*f ■Bfjfg Sf^fs 



4 I e'^" 1°" igf Ur 



(5.27) 



As we insert the relation (|5.27p of the trace over anomalous doubled spin matrices §^ (|5.25p into (|5.26p . one introduces 
the three dimensional, completely anti-symmetric 'Levi-Civita symbol' 'e*-?'^' and attains Eq. (|5.28p with remaining traces 
over isospin and colour degrees of freedom 



d Xp dp^f, (xp) j3 Y 75 to i!{xp^ 



d^x ^\xp) j3 7° 75 ip{xp 



(5.28) 
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a(=l,2) 



(-2) f d^xe'^'' 2r 

Nj:,Nc 



T- 



X =+oo 



x)'— — oo 



We apply the ansatz 
value Ifrixp) I and phase (j)r{xp) 

f{Xp) = fo{Xp) 



^{xp) S {dp,if{xp)) {s dp^j f ^{xp) S {dp,kf{xp)f^ 
for relation (|5.28p and specify the complex fields fri^p) in terms of their absolute 



exp 



Xoixp) 



Xl>{xp) 



; Xo{Xp) = (fz)^^. friXp) 



(5.29) 



friXp) = \fr{Xp)\ exp{l(l)r{Xp)} , 

SO that the transformed relation (|5.28p of the original axial current conversation with chiral anomaly finally reduces to 
the 'curl of the gradient of the phase (prixp)^ and to the 'gradient of the hyperbolic sine of the absolute value |/^(xp) |' 

Cp dp^^Nj'^ (xp) P 7^ 75 to i^{xp)\ = - „^ ^ I d^x„ tt 



+ 00 



32 7r2 



Nf.N, 



to Fi^x{xp) Fp^y{xp) 



(5.30) 



^0=3 



r=l 



{Nf = 2) ^ / d^e^Jfe (4^,sinh^ {\fr{xp) \ )) (^dpJpMxp) 



x)'— — oo 



It seems that the anti-symmetric combination e"^^^ (dpjdp^k4'r{xp) ) should result into completely vanishing terms; however, 
one has to take into account the multi- valued properties of phases 4>r{xp) whose anti-symmetric, second order, spatial 
gradients commute everywhere except at line singularities which cause corresponding vortices. If one defines for the curl 
of the gradient of the phase iprixp) a line singularity ()5.3H) along the x^ — z-axis in standard cylindrical coordinates 
(p , if , z) with locally orthonormal basis vectors (ep , , Cz) 

X Vs4>r{xp) = Cz 2tt riz^r 5{x^) 5{x^) ; [riz^r e Z) , (5.31) 

and applies appropriate boundary conditions (j5.32p along the x^ = z-axis, we can verify the quantization of relation (|5.30p 
by 'j^z.r' (|5.34p for the BCS quark pair ansatz (|5.29p of the coset matrix Tq{xp). The phase (j)r{xp) (|5.33p is obtained by 
Stokes theorem from (|5.3ip according to the azimuthal symmetry within the cylinder coordinates 

1 



(sinh2(|/,,(ip,a;3 = 0)|) =0 ; sinh^ (|/,,(tp, a:^ = L,) 

X '^x4'r{Xp) — Cz 27r Uz^r Hx^) S{x'^) 

(Stokes theorem "S/ 34>r(tp,x) 



+ 00 



^Xp dp,^{i^\xp) (3 7^' 75 to ip{xp) 



^ 1 d(j)ritp,x) _ ^ 
^ p dip 

r{tp,x) = Uz.r (p; ipe [0, 27r) 



^{x^y + {x^y 



32 7r2 



d'^Xi 



tr 



z{Nf = 2)J2 / (ap-sinh'*(|/,,(xp)|)) (^dpJp^kMxp) 



to Fi^\{xp) Fp,y{xp) 

x'l=+oo 



(5.32) 



(5.33) 



(5.34) 



Nr^=3 



x)'— — oo 



Eqs. (|5.30|5.34p can also be related to the Hopf invariant with one- form LLii{xp) in a direct manner 



l^ljXp) 

2 7r2 



(^dil!i(xp)j — integer number 



(5.35) 



by changing the one-forms dx^dp,iSmh*{\fj.{xp) |), dx^dp^k4)r{xp) to corresponding one-forms dsinh^(|/,.(a;p) |), d(l>r{xp) 
which are not 'exact' 



+ 00 



d X ri 



,,^(^V^(xp) (3 7^ 75 to il^{xp) 



32 7r2 



d^Xp tt 



to F^,x{xp) F^_,y{xp) 



(5.36) 
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6 SUMMARY AND CONCLUSION 



r=l " ' 

=d 



d(t)r{Xp) 



X =+oa 



1 9 ,9 ,9 

dp — + d(p — + dz — 
op oip oz 



As one substitutes d(/)r{xp), dsmh.'^{\f^{xp) |) according to following relations into (|5.36p 

d<prixp) = n^^r 0{p- pf^) dip + n^^r dip';^' ~ p) dz2TT/L^ ; 
dsinh'mxp)\) = -L^^. (0<z<L.); 



2 7r2 4 



one directly achieves a 'Hopf quantization' for 113(5'^) = Z from (|5.36p with the integer numbers 



) P Y 75 to 'll}{Xp) 

= z(^;=2) ^ / (dsinh^(|7,( 

r=l •' 



d'^Xp tt 

Nf,Na 



32 7r2 

'p)|)) ^ (^dx^dp^j d(j)r{xp)j 



to F^x{xp) Fp^{xp) 



x"=+oo 



(iV/ = 2) ^ n^,^ , 



(5.37) 
(5.38) 



(5.39) 



r=l 



Additonally, we note that the integrals (I5.35|5.39p are invariant under deformations of the one-forms uJilxp), d4>r{xp), 
dsmh^{\f^{xp) I ) (15.3715. 381) so that one has definitely determined a topological invariant, the 'Hopf invariant' [15j . 



6 Summary and conclusion 

The rather involved appearance of section [3] contains the various HST's from the original QCD path integral with 
fermionic quark- and non-Abelian gauge fields to the corresponding self-energies. Since self-energies comprise the infinite 
sum of one-particle irreducible terms in a perturbation series, the path integral representation with self-energy matrices 
is advantageous to the original representation with fermionic matter- and non-Abelian gauge fields, especially due to 
various possible approximations. The total self-energy for the anomalous doubled dyadic product of quark fields consists 
of block diagonal density terms and off-diagonal BCS quark pairs which have been separated in a coset decomposition 
SO(iVo, iVo) / U(A^o) ® U(A'o) for a SSB with the unitary U(A^o) subgroup symmetry for the invariant ground or vacuum 
states (A'o = (iV/ = 2) x 4^ x (iV^ = 3) = 24). Bilinear observables follow from differentiating the prevailing form 
of the generating function with respect to the source field dM-MiViT^p) that one can track the original observables 
of quark matter to their corresponding from in terms of the total self-energy. Since the path integral with self-energy 
generator so(iVo,iVo) can be separated by 'hinge' fields into purely density related parts u(iVo) and off-diagonal coset 
parts so(iVo, A^o) /u(Ao) for BCS quark pairs, we can consider the density related part of the total path integral as 
background fields for the BCS terms. The density related path integral particularly allows for a mean field approximation 
of a composed gauge field V^(a;p) which replaces the original gauge fields A^^^Xp) and comprises colour dressed, scalar 
quark densities and self-energies for the original field strength tensor F^'^{xp). This mean field solution (fixp))^jQ^ 
also has a non-hermitian part which has to comply with the correct sign of the original, imaginary '— z£p' terms for a 
proper convergence of the generating function. Therefore, we accomplish a path integral which finally only contains coset 
elements so(Ao, Aq) /u(Ao) propagating in density related, saddle point approximated gauge fields (^{xp)) f3jg[ . The 

remaining actions Adet[T, (V') SsJgl ', 8] , Aj^[T, (f)^j9^;8] consist of gradient operators '^p,^' acting onto coset matrices 
which do not allow for simple, finite order gradient expansions; this particular problem is emphasized by a transformation 
to an 'interaction representation' so that the anomalous doubled one-particle operator IKj^ has only unsaturated gradient 
operators with spatially dependent Dirac gamma matrices. Since the actions ADET[T^]dffu] -^J^.^^it 2B'^2b] ni^'i^ily 
encompass the combination of operators -^w -^ab ^ small momentum expansion for TT^^ -^w is always 

accompanied by a 'large' momentum expansion for TriVj due to the inverse operator IHT"*" of pure gradients in 
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the trace relations. We suggest the specific integral representations (|4. 27114. 25| of the logarithm and of the inverse of an 
operator (|4.29p which can simplify the computation of observables. 

It is of peculiar interest to investigate the path integral with coset matrices T{xp) and approximated background 
fields (y(xp))||339} for nontrivial topologies especially in comparison to the original Skyrme model with homotopy group 
113(811(2) ) — Z. As one restricts to the anti-symmetric, quaternion- valued complex eigenvalues of coset generators X{xp), 
X^{xp) with Pauli matrix (T2)g/, one only has two real angle degrees of freedom instead of the corresponding three within 
the Skyrme model. Therefore, the Hopf mapping 113(5'^) = Z with the Hopf invariant only remains for nontrivial field 
configurations of the quaternionic, anti-symmetric complex eigenvalues. In fact, we can extract a Hopf invariant from the 
axial current conversation with the chiral anomaly in the massless limit and can determine nontrivial field configurations 
of the complex eigenvalue angles. This is briefly exemplified in cylindrical geometry and can also be illustrated in toroidal 
coordinates. The nontrivial Hopf mappings of H3(S''^) = Z can be intuitively understood as one considers the 'preimage' of 
the S'^ sphere where every point of the sphere corresponds to a loop in the spatial sphere. Since there occurs an 
imaginary factor with the extracted Hopf invariant, the nontrivial field configurations correspond to 'helicity instantons' 
following from the axial current conversation with the chiral anomaly. These 'helicity instantons' thereby classify the 
prevailing field configuration of 'nucleons' according to the summations over isospin- and colour-degrees of freedom. For 
that reason, our derived path integral with coset matrices T{xp) is more closely related to the Skyrme-Faddeev model 
with H3(S'^) = Z than to the original Skyrme model n3(SU(2)) = Z which is regarded as an effective field theory for 
QCD in the limit of infinite colour degrees of freedom Nc ^ 00. 
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A HILBERT SPACE OF ANOMALOUS DOUBLED OPERATORS AND THEIR REPRESENTATIONS 



A Hilbert space of anomalous doubled operators and their representations 

According to chapter 4 of Ref. |Tl], we describe how the gradient operators dp^^ act on the coset matrices T{xp) in 
the operator 0'^N.]y.j{yq, Xp) (|3.11ip with A5{(a;p) and on densities as e.g. the quark self-energy density ^^i]''^\xp) . One 
can consider some representation as the 3+1 dimensional spacetime-coordinates where the operators T, Q, 5X, aj^''"'' are 
defined to be diagonal in the spacetime variables and are given by the matrix fields T^j.j^{xp), Qm atI-^p) ^^"^ ^^"^ scalar 

density fields dXM{xp), a^^''^\xp). However, it has to be taken into account that the square root of the determinant 
follows from integration over the bilinear anti-commuting fields which are doubled by their complex conjugates ip'^,j{xp). 
Consequently a Hilbert space for ipM{xp) with 'kef has also to be doubled by its 'dual' space \iPm) = (V'mI the 'bra'. 
The unsaturated operators 9p,/x are printed in boldface in order to distinguish from the matrix functions as {dp^ijT{xp) ) 
embraced in brackets, denoting the limited action of the derivative on the prevailing coset matrix T(xp). These 'saturated' 
gradient operators are not involved in further derivative actions on matrices or fields outside the parentheses and are 
therefore not printed in bold type. 

The detailed structure of the Hilbert space with its doubled dual part {iPm \ — IV'm) is important because the doubled 
operator 'K{xp) (|3.87l3.88p applies the transpose H^{xp) in the '22' block instead of H{xp) as in the '11' part. An 
operator in quantum mechanics is defined by the mapping and the space on which it acts. Completely different results 
can follow if one considers for one and the same mapping of an operator different spaces where the operator transforms the 
prevailing states. The path integral (|3. 110113. 116[) follows by integration over the doubled anti-commuting fields '^'\j{xp) 

-a(=l,2) 

from (j3.103p . The corresponding doubled abstract states \iPm) with internal space label M, iV, M', N' , ... are 

defined in (jA.ip 

The appropriate abstract Hilbert space has to be introduced for the definition of the operators dp^^ in the determinant- 
action {ADET[f,f;3])y and {Aj^[f,f-,d])y (|3. 11413. 115|) . According to the doubling with the dual part \^Pm) = (V'mI, 

we have an anti- linear property in the second part \^m) 

|c*m)= ; ceC . (A.2) 

Furthermore, we simultaneously have the unitary and 'anti'-unitary representation of U{Nq) (Nq = Nf x 4^ x Nf.) in the 
'11' and '22' block, respectively. This is in accordance with a theorem of Wigner that a symmetry in quantum mechanics 
can have a unitary or anti-unitary realization [20j . The corresponding Hilbert space for 3-1-1 dimensional spacetime has 
therefore also to be doubled with the anti-linear part 

^ \x„y=^ \ ( W_\ \ 

(A.3) 



-a(=l,2) 




_ ( \xp) 




[ i^^r' ) 


\ {Xp\ 


^Av) = 




{Xp\Vq 


m = 




{kp\Pq 


{x\k) = 


exp{i k ■ x} 


; {xp\kq 



{XplVq) = Spqf^xO.yO; {Av) = ^S,y ] (XplVq) = SpqS^o^yoSg^^; 

{kp\Pq) -^P,? ; (k\p) = ^ {kp\Pq) = Spq Sko^po S^^p ; (A.4) 

(Xplfc^) = Spq exjpl-i k° ■ Xp} ; {x\k) = exp{i k ■ x} ; {xp\kq) = Spq exp{i{k ■ x - kp ■ Xp)} ; 

"(^^plfc,)" = {xp\kq) +'(^\kqj ■ (A.5) 

a=l,2 

°"^(xp|fcg) = {xp\kq) = 5pq ex.p{i{k ■ X - k'^ ■ x°)} ; (A. 6) 

''='^(^p\k^f~^ = J^\kq)^ {kq\xp) = {{xp\kq))* = Spq cxp{- i{k ■ X - k'^^ ■ x^)} . (A.7) 
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The total unit operators with the unitary and anti-unitary parts are Hsted in Eqs. (|A.8IA.9[) for 3+1 dimensional spacetime 
and momentum-energy states. We have to combine the contour integrals of forward and backward propagation with the 
contour metric rip=± — ± ()2.15I2.16|) so that the defining relations (|A.3IIA.7|) exactly match with the properties of the 
unit operators (|A.8|A.9|1 



p=± 



(Ax)^ 



The 3-1-1 spacetime ^Xp — {x^,xy and four-momentum ''kp — {fc", fc }' representations of the abstract doubled Hilbert 
space states (|A.2|) are given in (jA.lOIA.lip where the relations (|A.3IIA.7p are applied, including the anti-unitary second 
part 

^^•^ ^ i:^^^'^ <t:^^r' ^t^r^ ■ 

The scalar self-energy densities o'^''^-' operate on the doubled spacetime state \yq) as in the well-known case of an 
annihilation operator on coherent states, but one has to incorporate the contour metric r]q and has to consider that the 
resulting coherent state field <j'"^''^\yq) only takes real values (jA.12p . This additional contour metric rip has to be taken 

into account for the one-particle operator 0{''j^.j^j{xp), the self-energy density a'"^''^\xp) and (5E^.^(xp) because these 
operators appear in the original path integrals and only lead to diagonal matrix elements in the time contour due to a 
missing disorder. An ensemble average with a random potential would include non-diagonal terms in the total self-energy 
concerning the time contour metric [12] . However, the abstract operator action with the anomalous parts ijv/jvl-^p) 
T^i-Pfixp) does not involve an additional time contour metric in the considered case without disorder 

4"^'^M%>" = v,'j^r\y,)\^f ; ^^D'^\y,)&f<; (A.12) 
tsInQ' = nlN{y<,)Q'' ■ (A.13) 

Using the definitions (IA.3IIA.7|) of the abstract doubled Hilbert space, we can pursue the various steps for calculating 
matrix elements ""{xplT^.j^luq) from the generating operators Y^/^, Xm-.n, ^m-n the exponential of T. However, 
the operator Xm;N of the anomalous parts is constructed from two field operators ipM i'N so that matrix elements 
{xp\XM;N\yq) (|A.15|A.16|) result in the expansion of T^.j^ (|A.14|) . combining also Hilbert states with linear and anti- 
linear parts 

^(^p\Tt,N\y}!' = "(^^pl(i - YSIm ^ (A.14) 



^ab Sm;N Sg ff 5pq 5x°,v° 



[Xp 
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A HILBERT SPACE OF ANOMALOUS DOUBLED OPERATORS AND THEIR REPRESENTATIONS 



1 Sah S 



b 0M:N 



X 



M:N 







± 



(< 



{Xp\XM-N\yq) 


— Xm-n{Xp) 5s,y 5pq ^xO^yO ; 


(A.15) 


{Xp\Xj^j.j^\yq) 


~ ^M;Af('^p) ^S,y Spq ^xO,y° i 


(A.16) 


Xp\XM-N\yq)^ 


~ (y^l^^MiAfl^p) ~ {xp\x\.f.jy\yq) ; 


(A.17) 


Xm-n{xp) 


oc (il^Atixp) ipN{xp)) ; 


(A.18) 




oc {^l^Mixp) ipN{xp)y = {i^*N{Xp) ipliixp))'^ = 

= (il^liixp) iPn{xp)) ; i^M{xp) , ipN{xp) e Godd ■ 


(A.19) 



Summarizing the effect of the doubhng of Hilbert space states with the anti-unitary extension, we hst the matrix elements 
of the density parts (jA.20IA.2ip . always containing the time contour metric i]p, and the pair condensates (jA.22[) . as 
derived with the properties (|A.15IIA.r9| in the expansion (|A.14[) 



a/ I^Vl^'' XX XX I Haj.n{Xp) 

{Xp\Di\yq} = dab Os^yVp Opq d^o^yo[ „ jjT 1^ \ 

^ ^ M-N\Xp) 



ab 



. (q:k) 



i2Afox2Afo + ^^M;Af 1%) = ^x,y Vp ^pq ^x^^yO {^'"^''^\xp)) 5ab 5 M-N + 5T,'tl-N{Xp) 



{Xp\T'^.-^\yq) 



'^M;N^'^p) ^x,y ^pq ^x°,yO ■ 



(A.20) 

(A.21) 
(A.22) 



The source field J^.m{xp) for the BEC wave function and the source matrix ^'m-n f*-"^ generating observables are defined 
in (|A.23IA.24[) for corresponding doubled states and matrices 



J'i;M{Xp) — °'{Xp\Jip-M) 



" _ ( jij;M{Xp) 



2'M-NiXp,yq) — "'{Xp\3'M-N\yq) — I S rjp 



jjfiiAli^p) 

3m;Jv(^pi yq) 



Vq S I . 



(A.23) 
(A.24) 



The definition of the unit operators (jA.8IA.9[) with time contour integration and additional contour metric can be trans- 
formed to a trace relation as one can change the unit operator 1 = of 9- complete set of states \n) in ordinary 
quantum mechanics to a trace relation tr[. . .] — X]n("'l • ■ • I"-)- However, we have to distinguish between the anomalous 
doubled trace TRJ-'^^^^j [. . .] (jA.25[) with the anti- unitary second part {xp \ . . . \xp) and the ordinary trace trj-^ ^4^^ [. . .] 
(|A.26p also with time contour integration, but without the anomalous doubled anti-unitary part 



a(=l,2) 

TR 



+ 00 



a=l,2 



dxl / d^xAfY, "(^^I-.-MV / dx^_ d^xAfY, " 



(A.25) 



tr 

/c '^^P ^'p 



E 

p=± 



+ 00 



d!^x.p M (xpl . . . \xp) ^ / d'^Xp rjp {xp\ . . . \xp) 



+00 



+00 



dxl d^xM {x+\...\x+) + dx"_ d^xAf {x^\...\x^) 



L3 



(A.26) 
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In a similar manner one introduces the traces of the four-momentum 'fcp = {fc" fc}' which are needed for a lowest order 



momentum and gradient expansion of the action for the determinant 
a(=l,2) 



TR 



tr 



+00 



lfcp> = 



r'+oo 



AA, E 



■pi • ■ 



dkl / d^kAfk J2 ''{k+\---\k+) + dk"_ d\ Afk E 



E 

p=± 



+00 



c^'^fcp A/a; {kp\ . . . 



d\p r]p Nk {kp\ 



+00 



+00 



dkl / d\Nk (fc+l . . . \k+) + dk°^ d\Nk (fc-l . . . 



(A.27) 



(A.28) 



B Ward identities corresponding to the gauge symmetries of the coset 
space 

B.l Ward identities and gauge invariance of the background potential 

As we examine the path integral p.59p and the separated actions ADET[r,y\ 3], Aj^ [T,y; 3] p. 110113. 116p . we recognize 
the common background potential V^(xp) p.60p in HN-AiiUq^ Xp) (I3.88P or in its anomalous doubled version IK^.j,j(?/g, Xp) 
p.87p with the transpose Hj}.j^{yq,Xp) in the '22' block section. The composed background potential V^(xj,) substitutes 
the original gauge fields A'^{xp) of SUc(A'^c = 3) in axial gauge A'^{xp) = (n -11= 1) which is obtained by the 
standard exponential integral representation of the delta functions 5{A'^{xp) n^) with auxiliary real fields Sa{xp). In 
consequence, the auxiliary integrals of Sa{xp) for the delta functions 5{ A'^{xp) ) fix the axial gauge so that the original 
path integrals avoid the multiple (in fact infinite) weighting of physically equivalent configurations which just differ by 
a gauge transformation. Despite of this original axial gauge fixing by Sa{xp), a gauge invariance is still retained for the 
composed background gauge field V/^(xp) p.60p . 

The background gauge field V^{xp) (|B.ip consists of the self-energy field strength tensor G^f'^^'^ (xp), its inverse with 
S\J c{Nc = 3) structure constants Cq,^^ , its derivative and additionally of the self-energy quark densities a^^''^\xp) which 
are dressed by the eigenvectors %'p^J^^^{xp) of the self-energy field strength term Cafj-y &'"(^lu{xp) 



= [{dp6%i^p)) ~ S7(^P) [ " * ) + C^p^y &i^^''''\xp)] 



— l-.Ufl 

7/3 



(B.l) 



Ca/37 S(f )'^''(a 



(c) = l,. 
(») = 0,.,3 



(,Xp) ; 



d[e^l^^''{xp)] 



rf[e(^)-''(x,);Sf} (^,);bg,)(x,)] 



d[S(^)'^''(x,);»^(; (x,);b[f),)(xp)] =d[6i^)^ (x,);b[f),)(xp)] x 



(B.2) 

(B.3) 
(B.4) 



The anomalous doubled one-particle operator 'K{xp) contains the composed gauge fields V^{xp), Yi^p) or more precisely 
the anomalous doubled version V^{xp) — Tq Vl^{xp), y{xp) with SUc(iVc — 3) generators Tq which are doubled by the 
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B WARD IDENTITIES CORRESPONDING TO THE GAUGE SYMMETRIES OF THE COSET SPAGE 



transpose — in the '22' block 

ba 



N;M 



H{xp) = [/3( pp + iy{xp) ~iep + m )] ; {ip ^ f3 Sp = p f]p e+ ; e+ > 0) ; (B.6) 

= Pj^ dp,fj, + I PY ia Vl^{xp) + (3 rh~i Ep InoxNo ; 

H^{xp) = [Pipp + if{xp)-iep + m)]'^ (B.7) 

= ^{$r f dp,, -^CPY f {~0 Vliixp) - i$i-m) f-isp i^^xATo ; 

\ ha / ^ \ ba / \ ha 



= Vp{xp) = T„ V.;^(a;p) ; ^ ^1 ^Jt j ; T = |^ ^ j ; (B.9) 

V " / 

^C(Xp) = ^(Sf^4,^ + S (zy(a;p)+M)) -lEp i2Arox2iVo • (B.IO) 

If we consider the background potential Vp{xp) (jB.ip as a classical field, one can always choose a gauge condition, as 
Lorentz- (or axial-) gauge {dp^pVj^^Xp) ) — , {ui, Vp{xp) = 0), respectively. If we assume that the chosen gauge 
condition of the composed field Vj^^Xp) is violated, we can shift or adapt the auxiliary field Sa{xp) for the axial gauge 
fixing of the 'original' gauge fields A'^{xp) in such a manner that the chosen gauge condition is again attained (compare 
(jB.ip with Sj{xp) ). Therefore, one can also determine a gauge condition for V^(xp) in advance, as far as classical fields 
are concerned. 

In the quantum mechanical case, we obtain a Ward identity of the derived path integral p.ll6p with background field 
averaging p.59p and with projection S onto BCS-terms in the actions AoETiTjy; d], Aj^ [T,y; 3]- Although there appears 
no action of a field strength tensor as Fl^'^{xp) (|2.5p and Grassmann-valued fields ipMixp) of quarks for the composed 
gauge field V^(a;p), as in the original case with field A^(xp), a gauge invariance follows because the change of actions 
with V^{xp) in a gauge transformation is compensated by the change of the coset matrices T{xp) — exp{— y(a;p) }. In 
this respect the actions ADET[T,y;d], Aj^[T,y;3] of the coset matrices replace the actions of a quadratic field strength 
tensor and of the anti-commuting Fermi fields for the composed gauge field Vl^{xp). According to the definitions of Ref. 
[20] and of section [21 the gauge transformation (jB.lip or its infinitesimal version (jB.12IB.13P takes the form of the listed 
Eqs. (|B.imB.T7| for the various BCS-fields and one-particle operators with SUc(A'^c — 3) Lie group parameters vp{xp), 
Svpixp) 

'ipM{xp) il^Mixp) = ex.p{i a{xp)ia} il^Mixp) ; il^^ia; (B.ll) 

i'liixp) i'Mixp) = cxp{-i a{Xp) t^} tp^ixp) ; 

-ipMixp) -ipnixp) ^ -ipAiixp) + S'ipMixp) ; (B.12) 

i'liixp) i'Mixp) = i'Mixp) + H*m{xp) ; 

SlpMiXp) = S'ipf^rn.riXp) = tSvpiXp) if3.rs'4'f,Tn,siXp) ; (B.13) 

H*m{xp) = 5^},„^^{xp) =iSvi3ixp) (-fJ.^J ^}^^^sixp) ■ 

Corresponding to the infinitesimal S\]c{Nc = 3) Lie group transformations of quark fields, we list the infinitesimal changes 
of the composed gauge field )^(cCp), of the anomalous doubled one-particle operator JC(xp), of the coset matrices T{xp) of 
BCS quark pairs and of the source field J^.m{xp) 

'fixp) = Tic.Vo,,p{xp)^-f{xp) + Sf{xp)- (B.14) 



B.l Ward identities and gauge invariance of the background potential 
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= I Svpixp) [if3 ,f{xp) ]_ - I (pp Svfsixp) ) if3 ; 

)->y{xp)+Sf{xp) ; 
= iSvpixp) [7p ^^{xp)]^ -it^^ipp,^ 6vf3{xp)) 7f3 ; 

3i{xp) + d:k{xp) ; 63<{xp) = i'B S 5f{xp) ; 
^ f''\xp)+5f''\xp); 5f''\xp)^i5vp{xp){[7p,f{xp)].Y'' ■ (B.15) 

^ T-^-'-'ixp)^ {T-\xp)STixp)T-Hxp)j ; 

^ J5(xp) + W^(xp) ; ^ = (tf 4 {xp)^ ; (B.16) 

^ + SJl-\xp) ; ^ <54'''(x,) = -t 5vp{xp) { f/ {xp) ; 

= f-^'kf; (B.17) 

= 5f-^{xp) iiixp) f{xp) + r"^(a;p) Viixp) Sf{xp) + f-^{xp) Si{{xp) f{xp) 

= f-\xp) iiixp) f{xp) , f-\xp) 5f{xp)\ + f~\xp) I % S 5f{xp) f{xp) ■ 

= l6vi3{Xp) ib{Xp) ,f^^{Xp)[T'(3,f{Xp)]_ + 

+ ^ 5vfi{xp) f-\xp) i%S[7p ,y{xp) ] _ f{xp) - i {dp^pSvp{xp)) f-\xp) ^'BSt^'7p f{xp) . 

The variation of the effective generating functional p.ll6p finally yields the conserved Ward identity (jB.lSP by expanding 
up to first order in dvfj^Xp) of the gauge parameters where a partial integration has to be performed for the part 5y{xp) 
(|B.14|) with derivatives {dp^f^Svp{xp) ) 



mxp) 

Sfixp) 

•kixp) 

f^'iXp) 

f-^-^^'ixp) 

4 ^■^p-' 

6 

s6{xp) 

SOixp) 



5vi3{Xp) 



d^Xp rjp Svp{xp) 



rip Svf3{a 



(B.18) 



6vf3{xp 



,y,&<^^\.3^,%p,b<^^\Up,i>p;aD;P^;-Eq. (137591) 



d[f-'ixp)dfixp)] Zj^jf] exp{ADET[f,f-J]} exp[iAj^[f,y-J]} 



= Z 



X / d[T-'{xp)dTixp)] Zj^jT] X 



X exp 



a(-l,2) , 
\ADET[f,y;d]+iAj^[f,y-d]\-^ TR tr \i5vp{xp) 



a(-l,2) 

r 

b{xp) , f-\xp) [7p , f{xp) ]_]_+ T'\xp) i%S[7p ,y{xp) ] _ f{xp)^ X 

X ( {^p\d-'\^) + d% {^p\Q-^\ij,) f-\y,) i ® 4(y'i'^ ^^{y'^') (y^,'\^''\^) ) + 

.,^,f-\xp)l'BSt^'7pf{xp) x 



X (^(S;|0-i|f^) + - jj% d% (f^|0-V,> T-\y,) I JM ® 4K')^^(y',') (<'|0^'l^?> ) 1 + 
+ d\({-S;\d-'\yg)f-\y,)IJ^{yg)(E>4{xp)if{xp)% + 
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C DERIVATION OF THE CHIRAL ANOMALY FROM THE CHANGE OF INTEGRATION VARIABLES 



C Derivation of the chiral anomaly from the change of integration vari- 
ables 



C.l Axial '75' transformations of the actions in the exponentials 

In the following we describe the derivation of the chiral anomaly according to [33l [34]. It is finally obtained from 
the change of the fermionic path integration variables d[ilf^ {xp)] d['ip{xp)] where the divergence of the corresponding 
Jacobian is determined by a gauge invariant cut-off regulator and has therefore to be regarded as an additional quantum 
phenomenon, violating the classical, (massless), conserved '75' Noether current relation. These chiral anomalies are also 
related to nontrivial differential topologies which allow for explicit derivations in a geometrical context [3S] . The original 
derivation of the anomaly is given within perturbation series from the regularization of a triangle diagram with the axial 
'75' matrix [Mj. In this subsection I C. II we briefly restrict to the change of the original QCD action A[%Ij, Df_iip, F] and the 
action As[d, Jip, Jjfitfi,)^^''] of source terms under axial f7yi(l) transformations gA{xp), g\{xp) (jC.5IIC.7)) of the Grassmann 
fields 4'f,m,r(xp) (|C.HIC.4"| with '75' Dirac matrix and isospin- (flavour-) generator to./g and angle a{xp). The finite, axial 
[74(1) transformations are listed in relations (IC.1IIC.7|) with their actions onto the fermionic fields 



^{Xp) 
ll}^{Xp) 

■ipixp) 
9A{xp) 

g\{xp) 



exp |i a{xp) toj'g' (75)„,„, S^'s'^ 
gA{xp) il^'ixp) ; 

ip^Xp) P = il^'^Xp) g\{xp) P = 4>'{xp) gA{xp 



to ; 



= cos 



75 



(a{xp) to^ -I- I 75 sin (^a{xp) Iq^ ; 

(a{Xp) to^ - I 75 sin (a{Xp) Iq^ ; to;/,m,r-;g,n,s = kjg ^ 

75)' -14x4; {/3,75}+ = 0; {7^75}+ = 



75 



mn ^rs i 



75 



(C.l) 

(C.2) 
(C.3) 
(C.4) 
(C.5) 

(C.6) 

(C.7) 



The anti-commuting property l|C.7[) of the axial '75 ' matrix with the Dirac matrices 7^* has to be emphasized because this 
particular property causes to transform the fermi field ijj{xp) (|C.4[) with the same matrix gA{xp) as for tpixp) (jC.2[) instead 
of g\{xp) as for {xp) (|C.3|) . We insert the transformed fields 4''g^n,s{^p) into the original actions A[^, D^t(;, F] 

and As[3, Jip, Jtfitii,)^^''] for a finite angle a{xp) with the transformation matrices gA{xp), g\{xp) (|C.5IIC.7|) and expand 
to first order Sa{xp) for infinitesimal values, using the Ua{^) Lie group properties. This results into 6A[ip',Dfj_'>j/,F] 

(|C.8IIC.10P and SA'g[3, J,p, J^^, j*^-^)] (jClHIClSp where a partial integration has to be performed within SAlip', Di_,ijj', F] 
in order to attain only the first order variation Sa{xp) without any derivative 

A[ij,D^i:,F] ^ J^d\l^ - ^F^;^,{xp) F^^Xp)^ (C.8) 
- i^'^Xp) g\{xp){j3Y dp^f^ -ig ia Aa-f_,{xp) + Pm-ie+ rip^gA{xp) ^'{xp) 

d'^Xpl - ^Fa-f_„y{xp) F^^ixp) - ■4''{xp) gA{xp){j)p - tg^ + fh -t$e+ Vp'jgAixp) ip'ixp) 



c 



A[^p, b^-iP, F] = AW, b^i,', F] + SAW, D^^', F] 



5AW,bf,ij',F] = -I d*Xp^^tp'{xp) %{to , mj^tlt'ixp) 6a{xp) + ip'{xp) (j}p.,p.Sa{xp)j% to ip'ixp)^ 
^^Xp\bp.^J,{^' (xp) 7'^ 75 to i>'[xp)^ - -^'{xp) 75 {to , m}^ ^'(a;p)| Sa(xp) ; 



(C.9) 
(C.IO) 



C.2 Calculation of the Jacobian with a gauge invariant cut-ofF regulator 
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+ 



•As[3, J4,, J^^, j^^^] = J (jj,(a;p) gA{xp) ip'{xp) + ip'^Xp) g^i^p) ji,{xp)'^ + 

J}A{xp) 7/''(xp)) j\,p{^p){9A{xp) i^'ixp)^ + {gA{xp) ijj'{xp)^ 3^^ixp)(^gAixp) ip'ixp)'^ 

+ \ '<P''^ {xp){j]p^{xp) 75 to + 75 to 3]p^{xp)^i}\xp) - ^'Hxp){ji)-4>{xp) 75 i*o + 75 to j^,p{xp)^ip'* {2 



(C.ll) 



1 
2 



(C.12) 
(C.13) 



^'\v,)ky,.xp)( ^ \^'{xp) + -^'\xp)( ^ \d{xp^y,)-^'{xp) 

\ ^75 to / V 75 to / 



After reordering the first order variations with 5a{xp), we achieve the axial current relation (|C.14[) of ipixp) 7^ 75 to ip{xp) 
whose conservation is perturbed by the mass term -(/'(xp) 75 { to , m} ^ i^{xp) and the source parts which are also determined 
by the isospin- (flavour-) generator to./g 

5A[il^\ Dp^\ F] - SA'sii J^, Jv,^,F)] = ; ^ (C.14) 
dp,p(^ip{xp) Y 75 to ^{xp)^ = ip{xp) 75 {to , m}^ ip{xp) + jl,{xp) 75 to 'ipixp) - -ip^Xp) 75 Iq j-^{xp) + 



i^'^i^p){jli,i^p) 75 to + 75 to jl.4,{xp)^->JKxp) - i^Hxp)(^ji,i,{xp) 75 1*0 + 75 to j-^i;{xp)jip* (xp) 

^\y,,xp)3{y,,xp)( ^5^° ~, )^ixp) + ^\xp)( )3ixp,y,)^iy,) 



C.2 Calculation of the Jacobian with a gauge invariant cut-off regulator 

Apart from the transformation of the actions A[^p, D^^, F], As[d: Jip, Jip^p,]^^"^] as phases in the exponential, one has also 
to consider the change of the Jacobian under transformations (jC.15IC.16|) with matrix '75' and the parameter a{xp) for 
the generator iajg of axial isospin-(flavour-) rotations 



'ip'ixp) = exp { - I a{xp) 75 to} ip{xp) 
■ip'ixp) = exp { - ia(a:p) 75 to} 



(C.15) 
(C.16) 



We expand the fermionic fields ip{xp), '0(xp) in terms of orthonormalized eigenfunctions (pL{xp) of the (massless) gauge 
invariant derivative with eigenvalues — le^' on the time contour 'p = ±' and have to include Dirac spinors Xl \ Xl^ 
in order to regard the anti-commuting character of the fermi fields ilj{xp), ip{xp) (|C.17IIC.T9|) . One might infer that the 
eigenfunctions LpL{xp) cannot be taken as ordinary, complex- valued, scalar functions, due to the matrix property of-^^, but 
an appropriate unitary transformation 'C/' can always be chosen to rotate to scalar, complex- valued eigenfunctions ipL{xp), 
leaving the Dirac spinor property of ip{xp), ipixp) entirely within xf'^ (|C.20IC.21[) . Using the unitary invariance of 
the 'massless' derivative operator^p^ (jC.22IC.23p . we can eventually compute the expectation value "ipixp) {p^ + rh) il}{xp) 



(|C.24p in terms of the Dirac spinors xf^ i Xl^ and eigenvalues —le 



^i^p) = ^Vl{xp) XI = ^{^p\L) xl 



ip) . 



(C.17) 
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The change with the Jacobian of d[^^{xp)] d[^l}{xp)] to ^Xl '^Xl (|C-25p follows from the inverse of the transformation 
matrices {L\xp), {xp\L), due to the anti-commuting property of the fermionic fields 
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We apply the axial transformations (IC.HIC.7IC.26IC. 271) from iP{xp), iP{xp), {xl \ Xl^) to ip'ixp), i:'{xp) (IC.28IC.30I) 
and, respectively, to the transformed Dirac spinors x'l'\ x'l'^ ^^'^ obtain the corresponding first order variation Sa{xp) 
between x'l'\ xif' and Xl'\ Xif' (|C.29IC.3ip which has to be substituted in the integration measure (|C.32|) . This 
specifies the Jacobian for the change from x'l"^ ■, Xl"^ to x^l' ' Xl^ j a-^d according to relations (jC.17IIC.24|) and especially 
(jC.25|) . also the change (jC.33p with the Jacobian of (|C.32[) for the transformation from ?/''(xp), i)'{xp) to ip{xp), ip{xp) 
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X det 
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(C.33) 



= d[4){xp)] d[ilj{xp)] Yi 5p • 
p=± 



ip^iXp) to 75 (pLiXp) 



We separate the Jacobian (on the time contour 'p = ±') (|C.33IC.34[) from the integration variables and have to examine 
a trace relation of the complex-valued, scalar eigenfunctions ipL{xp) of the gauge invariant derivative^p 



exp i 2i 'exp' > — exp < 2i lim / d'^p Sa{xp) f\{xp) to j5 (pL{xp) 
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(C.34) 



Apparently, the phase "exp" within the Jacobian (jC.34[) diverges due to the trace operations of the eigenfunctions 
Lpi^ixp)] therefore, one transforms to the momentum representation ipi^{kp), ^^(fcp) (|C.36p of LpL{xp) Lp\{xp) and introduces 

„ 2 - 

a gauge invariant cut-off regulator exp{^p/A/^} of the original operator (IC.17IIC.24|) for the eigenfunctions ipL{xp), 
modified by the 'regulating' mass parameter 'M' 
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Using the completeness relation (jC.36P for (IC.35p . we have exchanged the eigenfunctions ipL{xp), (/^^(xp) by plane waves 



^1 kj}' X r) 



p and obtain the trace in momentum representation where the divergence is reduced by the operator 
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In the case of a true vectorial Uv{l) transformation without '75' matrix, the following relations (|C.41IC.45p do not apply 
so that the derived anomaly from the change of the integration measure is caused by the axial '75' property of the 
transformation. As we insert Eq. (jC.38[) for the cut-off regulator into (|C.37p . in order to obtain Eq. (jC.39p . and as 
we consider relations (jC.40IC.41[) . we can expand the exponent of (|C.39p with the field strength tensor Ff^,^{xp) up to 
quadratic order in (l/M^) (|C.42IC.43p as the only remaining term of the Gaussian integrations in the limit M —>■ 00 
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The transformation (|C.44p to Euclidean integration variables causes the 'instanton' properties (instead of solitons) of the 
derived BCS-Hopf invariant in section 15.21 and allows to perform the Gaussian integrations. The total trace in (|C.42[) 
splits into a trace of Dirac gamma matrices with the peculiar axial '75' matrix and into a trace of isospin- (flavour-) and 
colour matrix degrees of freedom (|C.43|) where we apply the particular trace relation (|C.45P of Dirac matrices 7^ with 
the axial '75' matrix, resulting into the anti-symmetric Levi-Civita symbol ()C.45p . Using these properties, one finally 
achieves the chiral anomaly (jC.47IC.48p from insertion into the Jacobian (|C.34[) and into the integration measure (|C.33p 
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As we combine the transformation of the actions .A[-0, D^il^, F] and As[^, Jjp, J^pip , j^'^^ (|C.14|) in the previous subsection 
IC.ll with the transformation of the integration measure, we accomplish the total axial current relation with chiral anomaly 
given as the first term on the right-hand side (in the first line of (|C.49P ) which even remains in the massless limit (last 
term in the first line of (jC.49[) ). The other terms in lines two to four of Eq. (|C.49p follow from the source action 
■^s[3; J4:, Jipip,]^^'^] containing the symmetry breaking, (odd-valued) fields j^-^M{xp), j^^-Mi-'^p) ^^'^ anti-symmetric, (even- 
valued) matrices j^^;M;N{xp), jlp^.M-N^^p) 
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D Gradient expansion to an effective Lagrangian with nontrivial topology 
D.l Expansion in the anomalous doubled Hilbert space 

The original path integral Z[3, J,p, Jj/i^i; j^^''] (|2. 25112. 27)1 has been changed from matter and gauge fields to self-energies 
as the appropriate integration variables through subsequent HST's. Furthermore, the path integral (|3.63p has been 
separated by a coset transformation into block diagonal self-energy densities and BCS-terms which are the remaining, 
most important path field integration variables of the final transformed functional (|3.116p . Moreover, we have split 
the gauge field degrees of freedom and scalar quark self-energy densities from the BCS-degrees of freedom by using a 
background functional averaging with path integral (|3.59p . The exact expression p.ll6[) with background functional 
(|3.59p is approximated by factorization of the averaging process p.59|) so that the background functional (|3.59p acts with 
its averaging (|D.2p for the potential termy'(a;p) (|3.60p individually on the actions {ADET[T,y;3])-^, {Aj^\T,y;3])y in the 
exponents and the BCS-source functional {Zj [T])y 



V 



d[f-\x,) df{x,)] {Zjjf])^ cxp{( 



ADET[f,y\3])^] exp|^(J, 



A, 



(D.l) 
(D.2) 



Apart from the derivative- '^p', mass- 'm' and '— i £p'-terms, the gradient operator Z^^.^j(y^, Xp) (|D.3p in (|3.11ip 
C)^.^(j/g, Xp) consists of the potential ^(xp) (|D.4ID.5l3.60p composed of the gauge and quark self-energy density degrees 
of freedom within the path integral (|3.59p . The transposition of the '22' part H^{xp) (jP.SP within the anomalous- 
doubled, one-particle Hamiltonian W'j^.j^jd/q, Xp) (jD.3p involves the internal symmetry spaces as the isopspin- (flavour-) 
matrices, the 4x4 Dirac gamma matrices and the gauge field generators and also the contour spacetime derivative 
\dp^fj)'^ — — 9p.^' which results into an additional minus sign. Corresponding to notations and definitions of gamma- 
matrices ^20j, one obtains for the gradient operator ZW^.j,j(j/g, Xp) with the coset matrices T~^(xp), T{xp) for the 
remaining BCS-degrees of freedom following equations 
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(D.4) 
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As the gradient operators (3 ^p and its transposes (/3 pp )'^ act onto the coset matrices T^?.j^{xp), Tj^^^^ (xp) to the 

right or left, it has to be distinguished between saturated derivatives as {dp^^T{xp) ) whose actions are limited by outer 
braces (in the given case for a single coset matrix) and unsaturated derivative 'operators' acting beyond the outer coset 
matrices further to the right and left onto other terms in the gradient expansion. Therefore, we consider two parts 
5^{xp) = l{xp) + (5ir(xp) p.TID.Sp and 5%^^{xp) 9p,^ (|DJ1) of the total gradient operator (|D.3IID.6p which con- 
sists of 'saturated' derivatives of coset matrices {dp,^T{xp) ) with additional potential matrix QJ(xp) and 'unsaturated' 
gradient 'operators' dp^n with Hamiltonian 6%'^{xp) (jD.9p . respectively. This difference is symbolized by boldface let- 
ters for the 'unsaturated' gradient 'operator' dp,^ in the following expansions. We also abbreviate the block diagonal 
anomalous-doubled potential matrix of the background potential V^(xp) p.60p and the isospin- (flavour-) masses to, 

by the additional symbol 5J^.^,j(xp) (jD.Sp . This anomalous-doubled potential 23^.jvf(xp) (jD.Sp is only contained in the 
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Hamiltonian part (5f)(a;p) (|D.7p with saturated gradients and gives rise to effective coupling functions {Vp{xp) V'^{xp))y, 
from the averaging with the background functional (|3.59ID.2p . Note that the potential matrix tO{xp) = Va;tj.{xp) of 
background field Va-,^{xp) is weighted by the coset matrices T~^{xp), T{xp) so that one achieves the defined difference 
S%{xp) = f-'^{xp) %{xp) f{xp) - ^{xp) Va-^,{xp) {f-^{xp) f{xp) - V^) because of the original gradient term 
AH — (T^^ "KT — 'K) and because of the non-commuting property \T{xp) , 'V{xp)]- ^ 
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Aside from the background potential matrix 9J(xp) (|D.8p . the anomalous-doubled one-particle operator 3X{xp) (jP.lOp has 
the diagonal '—lEp 12^0x2^0' non-hermitian part which determines the analytic behaviour of Green functions g^^\ 
[^(o)jr propagating on the non-equilibrium time contour. The anomalous-doubled Green function (|D.lip . consisting 
of the block diagonal parts [g^°'>]'^ (ID.12ID.13p . differ from the simple inverses 3<-^, [H{xp)]-'^, [H'^{xp)]-^ of the 
operators (jD.4ID.5p by the additional averaging with the background functional p.59m.2p for the potential ^'(ajp) p.60p . 
This averaging procedure for products of several inverse operators with is simplified to corresponding products with 
independent background averaging of single operators !K~^ leading to factors of proper non-equilibrium Green functions. 
This means that we neglect any correlations between the potentials V^(xp) (I3.60p . ^{xp) (jD.8p in the factors of inverses 

(3i-ix . . . and simply reduce to {^^~%. . . . x{^^-% = G'^"K . . . xG^ 
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Proceeding as in chapter 4 of [llj . one has to determine the anomalous-doubled, averaged time contour Green function 
G(°) = (^C"i)y (|D.11IID.13|) with the transpose of the '11' block extended to the '22' block. This can be accomplished by a 
saddle point approximation of the background functional (|3.59|1 with its various gauge field variables and quark self-energy 
densities. However, the imaginary parts of ^^{xp) (|3.60p or ^{xp) (|D.8|) . resulting from a saddle point approximation, 
have to comply with the imaginary contour sign ^—lEp' for a stable propagation of coset matrices. We use the overview of 
the anomalous-doubled Hilbert space, summarized in appendix |X1 and the definitions and notations of chapter 4 in [llj 
so that the 'anti- unitary', 'anti-linear' '22' states accompany as extensions the original states in the '11' block. It has to 
be taken into account that the square root of the determinant follows from integration over the bilinear anti-commuting 
fields ipM{xp) which are doubled by their complex conjugates '0m(^p)- Consequently a Hilbert space for ipM{xp) with 
'ket' \iPm) has also to be doubled by its 'dual' space IV'm) = (V'mI the 'bra'. The corresponding Hilbert space of spacetime 
variables has therefore also to comprise the anti- linear part |x. 



^ a(=l,2) 




in its section a ■ 
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(D.14) 



The application of rules for an anomalous-doubled Hilbert space, defined in appendix \^ leads to the background av- 
eraged matrix representations of Green functions in the '11' part and its transposed '22' part with the particular anti- 
linear {xp\, luq) spacetime states (|D.15IID.T9|) . According to general properties of contour time Green functions, one 
obtains generalized time contour Heaviside functions Opqixf' — y^) and background averaged time development operators 
( )y,. The matrix representation of the latter time development operator is constructed from standard time 
path ordering x'^ > > ]f , denoted by the arrow exp, whereas the generalized Heaviside function 9pq{x^ ~y^) is relevant 
for the additional appropriate ordering on the ^contour extended^ times. Therefore, one always obtains an inverse propa- 
gation of the '22' block relative to the '11' block concerning contour extended times of the Heaviside functions 9pq{x° — y'^) 
within the anomalous-doubled Green functions (jD.17|) 
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We specify in relations (|D.20ID.21[) the precise from of contour extended Heaviside functions 9pq{x^ — y^) in terms of 
the standard Heaviside function 0{x^ — y^) and conclude from the standard relation between contour extended Heaviside 
functions the particular expression (|D.21[) between anomalous-doubled, block diagonal time contour Green functions. The 
equation (|D.21|) also requires a block diagonal, anomalous-doubled Heaviside function Qp\{x^ — y°) which we define in 
p.22IID.24|) 

0p=+,,=+(x°-y°) = e{x^-y^) = +l forx°>z/; 



70 



D GRADIENT EXPANSION TO AN EFFECTIVE LAGRANGIAN WITH NONTRIVIAL TOPOLOGY 





■-,q= 








M 


for 






-—,q= 




~y') 


= 1 for all x", 
















= for all x", 


y' 


5 












= +1 (for a;° > 


y') 


and 


= (for 








+ 0+) 


= 0_+(x°-y°)- 


f 0- 


,_(..0- 


-2/°); 



(D.20) 



= 1 =0 

"(2;|G(°)Q% ''(^TlG^ly:)" = '^(^:|G("'|^" + ''(^IG^^^Iyl)" ; (D.21) 

7^0 for a^l ,but ^0 for a^2 =0 for a^l ,but /O for a^2 

/ ((f|£t(x",yO)|y)V X 



e,t(x°-y°) = 5.4 , J oj ; (D.23) 



V(y -^") 



6i(a;0-yO) 



6'(a;0 - yO) 



for p = 
for p 



The anomalous-doubled Heaviside or time contour step function <d^^^{x^ ^ y^) restricts the possible terms in the gradi- 
ent expansion of the action {Adet^T .y-j^)])-^ because the trace operations also involve the contour extended traces of 
spacetime; in consequence one attains as the remaining terms in the gradient expansion of {Adet\I' ,y]'S\)y only those 
in which the anomalous-doubled time contour step functions Q'^{x^ — ip) do not result into contradictory propagations 
concerning the time contour extended ordering of gradient terms Aj{(a;p) (e.g. Qpq{x^ — y^) 6qp(y'^ — — !). This 
restriction of terms is missing in the case of the gradient expansion of {Aj^ \T,y\ 3])y- In continuation of principles for a 
gradient expansion, we state that an anomalous-doubled field ^'^^(xp) propagates with the block diagonal, doubled Green 

function °-{xp\&^^yq) (|D.25|) with background potential Vp{xp) p.60p . This principle has to be used in the expansion 

of {Aj^ [2^, V; 3])v where one starts to propagate with the source field J^.j^i{xp) on the right-hand side of the action for a 
coherent wavefunction. It replaces the wavefunction ^'^^(xp) in (jD.25[) . We generalize rule (|D.25|) for the propagation of 
arbitrary fields {\xim{xp) ; rD^^(xp) )"^'" and list in Eqs. (|D.26IID.28|l also the propagation for the split parts niM{xp) and 
its complex conjugated field rD^^(xp). The doubled fields {n)M{xp) ; rD^,f(a:p) )-^'" can be identified with the fields in the 
various steps of propagation in {Aj^[T,y;3])y with starting from J';^.m{xp) on the right-hand side 

^tr'^'\^.) - { if J?! V - / ^^p\mM' { ir!!^! V (D.25) 
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Kfi^p) = I d%N^l^p\[g]^°l^\]j:^^*M= I d%^^ (D-27) 
JC ' Jc 

However, the propagation of fields with relations (|D.25IID.28|) is not directly applicable for the action {ADET[T,y;3])-iii 

because of the cyclic invariance of traces, both of the internal state space and the Hilbert space trace of doubled quantum 
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mechanics. The Hilbert space trace means a propagation back to the same spacetime point. This property is not 
included in rules (|D.25IID.28|) which can only be used directly for the source field J^.m{^v) ^ 'condensate seed') with 
repeated propagation of G'"' to the left-hand side Jl^^j^iUq) in the action {Aj^[T,y;d])y- We circumvent this problem 

by introducing anomalous-doubled unit operators of momentum-energy states in the expansion of {ADET[T,y',3])y so 
that one achieves anomalous-doubled plane wavefunctions with definite momentum-energy values instead of the source 
fields J^'^[^{yq), J^-Aiixp)- The anomalous doubled plane wave states replace the fields in (|D.25IID.28)) and propagate with 
the time contour extended, background averaged Green functions (|D. 11110.24)) from the right-hand side to the left-hand 
side or vice versa. Since the various gradient terms follow straightforwardly for {Aj^[T,^;3])-)ti by repeated application 
of rules (|D.25IID.28)) and gradient parts 6t){xp), S3C'^{xp) dp^^ (|D.3IID.9|) . we give details of the expansion for the more 
involved problem of traces in {ADET[T,y;3])y- The gradient expansion of {Aj^[T,y;3])y can then be obtained from 
that of {ADET[T,y; 8])y by replacing anomalous-doubled plane wave states through the anomalous-doubled source fields 
j'lp^N^yi)^ •^•0 m('^p) which have simpler propagation terms without the projection matrix S for the coset space. Therefore, 
we concentrate in the following subsection ID . 21 onto the gradient expansion of the action {Adet\T ,'f]3])y and summarize 
the eff'ective Lagrangian up to the complete fourth order gradient with supplementary terms of {Aj^\T ,y;3])y in part 

El 
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In order to allow for stable, static energy configurations in 3-1-1 spacetime dimensions, one has to expand up to fourth order 
gradients so that one cannot scale the particular configuration to arbitrary small or large sizes in the three dimensional 
coordinate space integrations over the static Hamiltonian density ('Derrick's theorem' [13l [15] !). Since we have shifted 
the trace-logarithm (13.57113.59)1 of the one-particle operator 'K{xp) with anomalous doubled potential Vp{xp), 2J(a;p) = 
Vi3-^i{xp) ■ ()3.60|D.8p for quark self-energy densities and gauge degrees of freedom to the background functional ()3.59|) . 
the trace-logarithm terms ('traces' ln[!K]).i> cancel in the expansion of {Adet[T ,y; d])y which is specified in ()D.29p . The 
first order source term with d{T^^,T) ()D.30[) is listed in detail in ()D.29p with remaining unspecified terms ascending 
from second order {3{f~\f) This source term 3{f-\f) p.29ID.30p allows to track the form of observables from 

the original anti-commuting Fermi fields to those in terms of the complex-, even- valued self-energy matrix ()3. 64113. 83)) . 
However, we concentrate in this subsection on the derivation of the final effective Lagrangian and set the important source 
term 3{T~^,T) to zero in further steps of the gradient expansion 
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Apart from the propagation rules (|D.25IID.28|) . one has to include the proper action of unsaturated gradients dp^fj, 
onto the background potential Va-^ixp) (|3.60m.8p . originating from the inverse operators 3^^^ or their corresponding 
background field averaged Green functions &^'> (|D.10IID.73|l . One has to take into account the specific commutator 
relation [dp^K. ? IK~^]_ between the unsaturated derivative 9p,K, and the anomalous doubled inverse operator 3-C~-^ (ID.lOf 
ID.13P in order to incorporate a proper averaging with path integral (|3.59p over derivatives of background potentials as 
( (^p,k"^'q;ki (a^p) ) )v (or their higher order products as e.g. ( (9p,k"^'q;ki (a^p) ) {dp^xVi3-^\i{xp)))y ). We have therefore to 
conclude from Eqs. (jD.3ip the final commutator [dp,K. , which yields an additional saturated derivative of the 

anomalous doubled background potential ^{xp) = Va-Ki{xp) V^^ (jP.Sp propagating with or approximately with 
products of G(°) = {'k-% 



dp, 













dp,^ , G(o) 



(dp^Mxp)) = {^p^KVa,.^^) V^' ; 



(D.31) 



[f3{i 7^=1 f„ + to) ; 







[Pit L + m) ' 



As we use the commutator (jD.3ip for the expansion (jD.29p . one proceeds to the correct expression (jD.32p of the gradient 
expansion which also consists of derivatives of the background potentials following from the inverse operators or 
their corresponding averaged Green functions (|D. 10110.13)) . One has even to calculate commutators of with multiple 
factors of unsaturated gradient operators in order to accomplish the correct transport functions of background potentials 
with their derivatives. However, these commutators of !K~^ with higher order gradient operators straightforwardly result 
from subsequent application of commutators (ID.3ip . We list relation (jD.32p . derived from Eq. (ID.29p . as an intermediate 
step under single application of the commutator (jD.3ip : nevertheless, further commutator extensions have to be computed 
for various factors of gradient operators (|D.32p in order to achieve the complete set of transport functions with background 
potentials and their derivatives 



^ -n — 1 



(-1) 



n+l 



a(=l,2) 

TR ^ tr ^ 



V 



(D.32) 



1 (-1)"+! 
9 ^ n 



1 (~1)"+1 



n=l 



(-1) 



n+l 



a(-l,2) 

TR tr 

a(=l,2) 

TR ^ tr ^ 

a(=l,2) 

TR tr 

Ic "^^P ^P ' 
a(=l,2) 

TR ^ tr ^ 



5\) + 6X''dpA % 



V 



V 



V 



V 



D.2 Gradient expansion of the anomalous-doubled determinant 



73 



a(=l,2) 

TR 



N, 



it 



V 



In order to simplify expressions, we introduce the abbreviations (|D.33IID.38p for various parts of the gradient operators 
and AK !K~^ ~ AK which occur in the expansion of the logarithm in (|D.32p . and define the symbol A'^ 

P.33ID.38P for a part of AK ^C^i ~ G^") in the last line of ((D321) . The equations (|D.6IID.9|) determine the saturated 
gradient part i{xp) — T^^{xp) S {f3 ^pT{xp) ) and potential matrix part (52J(xp) = T~^{xp)'i}3{xp)T{xp) — ''23(xp), which are 
combined to 6i){xp) = t{xp) + S^{xp) l|D.7|) . in addition we discern the 'unsaturated' gradient operator part SOC'^{xp) dp^^. 
(|D.9[) . Moreover, the commutator [dp^K IK~^]_ (jD.3ip in (jD.32p gives rise to the potential matrix term (d'V) IK^^ = 
{SX"^ ^C-i (9p,^Va;Kj Va') (!D^ which we add to St){xp) = + S^{xp) ([DT]) for defining a new saturated 

gradient operator part A'l){xp) (|D.33ID.34p . Nevertheless, we have to distinguish between the presence or abscence of the 
anomalous doubled inverse operator or averaged propagator Gt") so that one has two potential matrix terms d'V 
and dV{xp) from the commutators (jD.3ip where the missing prime " ' " of the latter indicates the missing of the inverse 
operator !K~^ or averaged propagator G*-"-* (compare relations (|D.33p and (jD.34p !). This notation with the supplementary 
prime is also transferred to the total saturated gradient parts A'f) IK~^, Af) 3i~^ with the corresponding different potential 
matrix terms A'^{xp) (jD.35p . A^{xp) (|D.36p . The potential matrix term A'^(xp) consists of the sum of 6^{xp) from 
Ak{xp) and -d'V, originating from the commutator [9p,^,a^-i]_ = -{d'V)^{-^ = -{6%'^ ^{-^ {dp^nVc,;n^)Va' ) 
whereas A^{xp) is defined as the sum of 6^{xp) from AK{xp) and —{dV{xp) ) = —{dp,K,Va;Ki{xp) )SX'^{xp) V^^ without 
any propagator terms 'K~^ or Therefore, we have abbreviated the total gradient operator AK IK~^ of the logarithm 

in ((n32|l by A'^ 'k.-^+SX'^ "R-^ 9p,K (jD.33ID.38p with a prime, but have to apply the unprimed versions A^ (|D34)) and 
A'^{xp) (|D.36p in later steps of transformations where the operators &'^\ IK~^ are removed according to the assumed 
rules (jD.25IID.28| for propagation of anomalous doubled, generalized fields as plane wave states or source fields J1.m{^v) 
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i + A'ir = i + 6'^-d'V ; 
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5^{xp) - {dV{xp) ) 

{f-\xp) m{xp) f{xp) - m{xp) ) - (4,«V„;«i(a;p) ) SX^^ixp) V^' ; 
l{xp) + 6m{xp) ■ 
f-\xp)S$r{dp,^T{xp)) ; 

A'^ + 6X'^ ir^ dp,^ . 



(D.33) 
(D.34) 
(D.35) 
(D.36) 
(D.37) 
(D.38) 



The background averaging with p.59m.2p in (|D.32p is split into independent averages over single factors of the doubled 
Green function (|D.10IID.24|) with remaining background averaging over factors of ( 9p_kVq;kj (xp) ) and over '^{xp) (ID.SP 
in A'f) (jD.33p . One therefore obtains the described propagation with the doubled non-equilibrium Green functions (jP.lOI 
ID.24P back to the initial spacetime point. If we assume the appearance of changing or non-diagonal contour time indices 

p ^ q for Green functions as |G^'^^ 7^ in the gradient expansion of {ADET\T,y\d = 0])y, one has also 

to consider a back propagation, as e.g. with °-=^{yj^\G^'^^\x-) , which vanishes completely due to the defined, contour 
extended, doubled Heaviside functions (|D.20IID.24l) . In consequence one only has a propagation on a fixed branch 'p' of 
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the time contour in the gradient expansion (jD.29IID.32)) 3 

product of time contour Green functions ^ °(xp|G''^'' jj/g 

— > Spq product of Green functions on fixed branch 'p' of time contour ( Sab °(2^p|G'*-°''|?/p) 



in (^ADET[T,y;3 = 0] V. remaining terms 

7 



According to the propagation back to the same spacetime point in {ADET[f,y;d = 0])y, one has to regard at least two 
or any higher, even- numbered, non-diagonal factors of gradient terms Aj{'''^^(a;p) (jD.6IID.9]) . except for the first order 
case n = 1 in (|D.32p . One has to distinct between the block diagonal or off-diagonal gradient terms (|D.39ID.40p by the 
anti-commutator {A[}{ , S}^ or commutator —^S [AH , S]- parts with projection matrix S (|2.2ip of the coset space, 
respectively 



{mixp),s} ; 



m{xp) , s 



(D.39) 
(D.40) 



This distinction is necessary because the propagation with only block diagonal operators Aj{°^''(a;p) — ^S{AK,S}jf. 
contributes vanishing terms in spacetime integrations over the Hilbert space trace and inserted unit operators according 
to back propagation to the initial, contour extended spacetime point. This particular, 'vanishing^ part is symbolically sub- 
tracted in ()D.4ip in order to point out the importance of other, remaining, non- vanishing combinations with ■^S {AM , .S*}-!- 
and -^S[Ak,S]- 
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—0, vanishing contribution in spacetime integrations ! 
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^^In the case of disordered systems, one has to take into account propagations with G'") of varying time contour branches because the 
corresponding gradient operator is non-diagonal in contour time indices p ^ q whereas the gradient operator A3<(i'p) in this paper is diagonal 
in the contour time indices. 
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=0, vanishing contribution in spacctimc integrations ! 

Corresponding to the definitions and notations of indices for tlie internal spaces in section [2l we group again the coUective 
indices Mi, Ni which are composed of the isospin- (flavour-) indices fi, gi, the 4x4 Dirac gamma matrix indices nii, rii 
and the colour matrix indices r^, Si. Furthermore, the total numbers Af, Afk of spacetime and momentum-energy points 
have to scale the spacetime and momentum-energy integrations in the gradient expansion of (^det[?^,V;3 = 0])^; hence 



we can perform a large N- limit with the total number of points Af Afk 
into discrete points for each of the 3+1 dimensions 



(-^L/(27r) of the underlying grids, separated 



m, 

r, 



= {fi , m , rj 

= u(p), d(own), ( s(trange) ) 

— 1, . . . , 4 , ['7^]mi,nj 

= l,...,iV, = 3 



M - (5(4) (0) = 



(Ax) (l/Wz.) 



Hi 
Si 

Afk 



X]ai = l,: 



{gi , Ui , Si} 

u(p), d(own), ( s(trange) ) 



1, 
1, 



A ;r] 

_ 1 



Afe 



(2^/i) 



(D.42) 



The given notations (jD.42[) are used to label the internal spaces of the trace operations in {Adet\T ff\d = 0])y (|D.43[) . 
According to the definitions of the anomalous doubled Hilbert states of spacetime, the complete matrix representation is 
specified for the gradient expansion of the determinant as a sum over the various orders n following from the logarithm. 
We emphasize the last line in (jD.43p with Kroncckcr deltas over the internal symmetry spaces and the contour extended 
delta function of 3-1-1 dimensional spacetime which causes the propagation back to the initial spacetime and internal 
symmetry space state, considering the original traces from the determinant 
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(summations in (jD.43p without a„ = a„_i = . . . = ai = oq! 



The trace operations of the action {Adet\T ff\ 'S = 0])y, also involve the Kronecker delta i5a„ao of the anomalous dou- 
bling. This particular Kronecker delta is substituted by the described anti-commutator (symbolized in Eq. (|D.44[l ) with 
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projection matrix S of the coset space in a similar kind as for /^"^^(xp) (|D.39p 

— S \ n-th order term ) S 



(field')* 
(field') 



n-th order term 
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(D.44) 




The gradient expansion of {ADEriT^y; 3 = 0])-j> is reduced to that of {Aj^ [T,y; 8 = 0])y by factorization of the anomalous 
doubled, contour extended delta function of spacetime to plane wave states. Since we perform an expansion for lowest- 
order, gradually varying gradient terms, a cutoff momentum k^ax is introduced in the anomalous doubled, contour 
extended momentum-energy integrations for the unit operator (compare appendix [X| 
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One has to achieve a similar propagation as in (yij^ [T,]/"; 3 = 0])y due to relations (|D.25IID.28|) and therefore factorizes 
the Kronecker deltas of the internal spaces in the last line of the matrix representation for {Adet[T 3 = 0])y (jD.43[) 
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As we use the factorizations of the delta function and Kronecker deltas (jD.45ID.46p . one can define anomalous doubled 

plane wave states 2II^'^'™^'^|,'^°° (xp^^ ; fcp), ( W^f^"^^'^°(,x^^]kp) )^ in terms of (|D.48ID.50p extended with their particular 

complex conjugates. The anomalous doubled plane wave states of four-momentum kp replace the source fields J^.j^iUq), 

J^.j^ixp) and allow to apply rules (|D.25IID.28|) for propagation with Green function G^"^ averaged by the background 
functional (jD.65lD.2|l . This is possible because the plane wave states and ()D.46| decouple the trace operations leading 
to propagation back to the initial spacetime and internal space state 
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(D.47) 
(D.48) 
(D.49) 
(D.50) 



We regroup the integrations of the matrix representation of {Adet^T ^f; 2 = 0])y with inclusion of momentum-energy inte- 
grations and additional internal space summations so that one formally accomplishes an analogous action as {Aj^ 3 = 
0])y where the source fields are substituted by the plane wave fields of (ID.47IID.50)) 
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(summations in (|D.51[) without a„ = a„_ 



fli = ao !) 



Direct application of rules (jD.25IID.28|) and commutators [dp^,^ , G''^-']_ (|D.3ip leads to relation (jD.52p where the Green 
functions averaged by background path integral p.59ID.2p . propagate the plane wave states 2ny;J^'™^'^),'"''(a;p°^; fcp) 

on the right-hand side to the left, analogous 'source field' state ( 2U^'^'™''^''^''"(a;p"''; kp) Y under subsequent action of the 
gradient operators A[K^}t^°.'j,j. (a;p). This process of propagation with is complicated by the action of unsaturated 

gradients dp^^ onto the background potential matrix ^{xp) (|D.8|) within the doubled Green functions. This requires 
intensive application of commutator relations (ID.3ip and results into additional transport coefficients with derivatives 
(dp^KVa-K-^ixp)). The Kronecker delta Sa^aa for the anomalous doubling is taken into account by the anti-commutator 
i5{ (n-th order term) , 5"}+ (|K44l) for every term 'n' in the expansion of the logarithm. Every factor with the gradient 
operator AH G'-*'-' at n-th order ( Z\K G^°-' )" is transformed by the commutator [dp^K ■> G'-*'-']- (|D.31[) so that one gains an 
extended relation (|D.52p for {ADET[T,y;d = 0])y', nevertheless, it is still necessary to transform unsaturated gradients 
dp,K and Green functions G*^"^ in (|D.52p by further application of extended commutator relations as [dp^n ■> G*-*^-*]- 
(|D.3ip in order to derive the complete, proper set of transport coefficients with the background potential Va-i^-^{xp). 
After substitution of (|D.33IID.38(l into (|D3T|) . we attain the action {ADET[T,f;3 = 0])v with a single transformation of 
the commutator (jD.31|l as an intermediate step to be reduced by further applications of (|D.31|1 and propagation rules 
(ID.25IID.28I) 
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Due to Derrick's theorem [13], we analyze the orders up to four gradients in (jD.52|) for a final effective Lagrangian. As 
one remembers relation (jD.4ip . we have to exclude the completely diagonal term of the anomalous doubling 'a„ = a„_i = 
. . . = ai = flo' in (|D.52p because this term only contributes vanishing measure in the spacetime integrations due to 
contradictory propagations of the generalized Heaviside functions. The first order term n = 1 (|D.53p is not effected by 
this vanishing term of contradictory propagations and simply reduces to the part 5t{xp) = T~^{xp) S ( $PpT{xp) ) (jD.7|l 
with saturated derivatives because the unsaturated derivative operators dp^^. with S3C'^{xp) only lead to vanishing four- 
momentum integrals due to an anti-symmetric integrand. However, the commutators [dp^K, (jD.3ip are involved in 
every factor of { A3i G^"^ )" at order 'n' where the unsaturated gradient dp^^ acts on the background potentials Va;Ki (xp) 
within the Green functions. This causes the additional part with '—{{dp,KVa;Ki{xp) ))y 60C'^{xp) Vj^^' at first order 'n=l' 
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The remaining terms in (|D.53p contain the cutoff momentum k^^^^ to the power of four as a scale for other gradually 
varying gradients. As we proceed to higher order gradients as n = 2, one also finds terms with kf^^^ which can be 
neglected in a lowest order momentum-energy expansion (with kmax 1 in dimensionless units). 

The second order term n = 2 (|D.54p is calculated with detailed description of the various steps. In order to exclude 
vanishing contradictory propagation of G*-'^-' with 02 ==01 = oq, one has to choose the two commutator terms (jD.40l) for 
the off-diagonal blocks Ak'^lf.'^j^{xp), A[K^^'^^^ (ccp) in the BCS-sector of the anomalous doubled space. We substitute 
the total gradient operators ZW(a;p) by the part Sl}{xp) ljD.7p with unsaturated derivatives and potential matrix iS(xp) 
(|D.8p and by the term S'}C'^{xp) dp^^ with unsaturated gradient operators. The latter act onto the anomalous doubled 
plane wave states of four- momentum kp. We also incorporate the commutator (|D.32p and the relations (|D.33IID.38)) as 
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abbreviating symbols in the second order term 'n = 2' (|D.54[) with apphcation of propagation rules (jD.25IID.28l) 

|A;p|<femax/2 



(D.54) 
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'linear' 'unsaturated' gradient operator terms 



Since the four-momentum integrals vanish for the case with linear, anti-symmetric integrand, one only has an additional 
integration of quadratic order kp,^ kp \ from the action of unsaturated gradient operators onto plane wave states 
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Apart from the power of four term fc^^j^ for the parts without action onto plane waves, one therefore attains an additional 
order of fc^^^/12 for the part following from unsaturated gradient operator actions onto plane wave states 



|fcp|<femax/2 
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After insertion of (|D.56p into (|D.55[) . we obtain relation (jD.57|) with additional, relative order fc^^^/12 for the parts 
resulting from the unsaturated gradient operator action onto W^j^fJ'°'° (Xp] kp). As already stated, we assume gradually 
varying BCS-terms in the coset matrices T{xp) = exp{— y(xp) } with k^ax ^ 1 in dimensionless units 
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This assumption allows to simplify the second order term (|D.57|) to (jD.59p without action of unsaturated gradient 
operators onto plane wave states 
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The anti-commutator { . . . ,<S'}_(_ (jD.44p for Sa2ao can be removed in (jD.59[) so that the second order term finally 
reduces to (|D.60|) because the traces of (|D.59I) regard only terms 02 = ag in any case of values for 02, ao 
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If one disregards surface phenomena at the boundary of the nucleus, we can further assume a constant effective background 
potential Yixp) so that one can reduce the second order gradient expansion (|D.60p to the simplified relation in the last 
two lines of (|D.60[) for the bulk of a nucleus. 
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In the remainder we restrict to the case of constant background potentials y'(a;p) so that we can eventually specify the 
third order term (|D.61[) of gradients. Since the completely block-diagonal propagation of Green functions vanishes 
for ADET[T^y;3 = 0])y due to contradictory propagations with time contour extended Heaviside functions, one has 
to consider two off-diagonal terms Z^"-^'^"^ (a;p), {xp) and one block-diagonal gradient operator ^^0{°-^^°-°{xp). 

According to (|D.39ID.40[) . this amounts to two commutator terms and one anti-commutator part. Since there are three 
possibilities of combinatorial ordering of two commutators and one anti-commutator terms, one has to start from relation 
(jD.61[) for the third order part n = 3 with additional, combinatorial factor '3' 
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Equation (jD.62p follows from further transformation to the parts St){xp), 6%f^{xp) dp^^ with saturated and unsaturated 
derivatives where we only keep the order k'^^^ and neglect higher orders of k^^^ following from action of unsaturated 
gradient operators onto plane wave states 
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The anti-commutator (|D.44p for the Kronecker delta Sa^^ao in the anomalous doubled space is removed as in (|D.59ID.60p 
because the traces of (jD.62l) already reduce to the diagonal parts 03 = ao in any case. Therefore, one accomplishes relation 
(jD.63p for the third order gradient term under approximation of kmax ^ 1 with A;^^^, as the lowest order four-momentum 
scale 
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The fourth order derivative part stabihzes the static energy configurations so that we have to extract from relation 
(|D.52p aU terms with four gradients (under the assumption of a constant background potential); but in addition, 
these gradient terms of order four encompass various combinatorial factors. In general the n-th order gradient term 



of {Ai:)ET[T,y]3 = 0;n])y with 2m off-diagonal operators '— ^S" [AK^}^^^^^} (^p) ' -S*]-' and n — 2m block diagonal gra- 
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erations so that we have to introduce combinatorial sub- factors C^2m) i '^hose sum ^(2m) ; equivalent to the total 
number of combinations c'^2m) ^'^^ n-th order gradient term with 2m gradients in the BCS- or off-diagonal, anomalous- 
doubled sectors. Since one has to exclude the completely block diagonal terms according to opposite propagations of Green 



functions, we have one combination C, 
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(^) = 1 for four off-diagonal parts A5i^+^^^. (xp) and six combinations 
^(2m=2) ~ (2) ~ *^ ^'^^ '^^^^ BCS-sector parts and two block diagonal terms. The latter six combinations differ 

by the pattern (|D.64p with cf^~^2) 1=1 — 2 realizations under the trace 
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The various combinations with different sub-patterns for the ordering of block diagonal density parts and BCS-sectors 
therefore comprise the corresponding anti-commutator and commutator '-' operators (|D.39ID.40p which we abbre- 
viate by the common symbol [. . . , ... }/,j-,j<:,i=± with indices I,J,K,L = ± specifying the anti-commutator or 
commutator '-' instead of the symbols { . . . , ... }i,j,k,l=+ (|D.39p and [ . . . , . . ■]i,j,k,l=- (|D.40p . respectively 
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'{2m=4),(l=l) 

D.3 Lagrangian of the effective action with the bihnear, fermionic source fields 

The gradient expansion of {Aj^^[T,y';3])y takes a considerably simpler form than that of {ADET[T,y';d])y because it 
suffices to use for the propagation of anomalous doubled wavefunctions and fields, starting on the right-hand side with 
J^.Mi^p)i the anomalous doubled Green function of the background potential (y)j339j following from a saddle point 
approximation 
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Repeated application of the propagation rules (|D.25IID.28|l then determines the various coefficients with the background 
potential (fixp)) i ^^^g i . In analogy to the lowest order momentum expansion of {ADET[T,y', 3])-^ in section [D. 21 we neglect 
any resulting derivative terms of the fermionic source fields (dp^^J^-Mi^p) ) ~ from the action of 'unsaturated' gradients 
^P,K a-iid take into account the commutator for the action of these onto the background potentials within the Green 
functions 



d Xp d\)q Jl'.Miyq) ^[ TiVq) X 



V 2 

OQ p 



(D.71) 



-\ b a \ \ ba 

(yqi^p)) T ^(Xp) I I J^.j^i{Xp) 



N':M' 



N;M 



b' a 



N'-M' 



{yq,xp) T (xp) J / J^-M^^p) ; 



(D.72) 



84 



REFERENCES 



Since the action {Aj^[T,y;3])y does not contain a back-propagation to the same spacetime point as {Adet[T ,y; 3])-fi, 
due to the missing of corresponding traces, any combinatorial factors cannot occur in the expansion of {Aj^[T,y;3])-^- 
Therefore, we can simply list the final approximated gradient expansion of (Aj^[T,y;3])Y i^i relation (jD.73p which can 
be further reduced by the assumption of constant background potentials (dp^K^a-fiixp) ) ~ 



[f,f;3^ 0]) = i £(-1)" / d\ d% Jl%{y,) i f%M X 



(D.73) 
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